DERIVED EQUIVALENCES OF K3 SURFACES AND ORIENTATION 



DANIEL HUYBRECHTS, EMANUELE MACRI, AND PAOLO STELLARI 

Abstract. Every Fourier-Mukai equivalence between the derived categories of two K3 surfaces 
' ' induces a Hodge isometry of their cohomologies viewed as Hodge structures of weight two endowed 

, with the Mukai pairing. We prove that this Hodge isometry preserves the natural orientation of 

• the four positive directions. This leads to a complete description of the action of the group of 

^S) ' all autoequivalences on cohomology very much like the classical Torelli theorem for K3 surfaces 

; I , determining all Hodge isometries that are induced by automorphisms. 

in 

psj ■ 1. Introduction 

The second cohomology {X, Z) of a K3 surface X is an even unimodular lattice of signature 
(3, 19) endowed with a natural weight two Hodge structure. The inequality (a, a) > describes 
. an open subset of the 20-dimensional real vector space H^'^{X) n H'^{X,'K) with two connected 
I components Cx and —Cx- Here Cx denotes the positive cone, i.e. the connected component that 
contains the Kahler cone JCx of all Kahler classes on X. 

Any automorphism / : X X of the complex surface X defines an isometry 



o 



f,:H'{X,Z) ^H\X,Z) 

'NT ■ 

^ ! compatible with the weight two Hodge structure. In particular, /* preserves the set Cx U {—Cx)- 
' As the image of a Kahler class is again a Kahler class, one actually has /^=(Cx) = Cx- In other 
■ words, respects the connected components of the set of (1, l)-classes a with (a, a) > 0. If 
one wants to avoid the existence of Kahler structures, the proof of this assertion is a little more 
delicate. However, applying his polynomial invariants, Donaldson proved in [11] a much stronger 
result not appealing to the complex or Kahler structure of X at all. 

Before recalling his result, let us rephrase the above discussion in terms of orientations of positive 
three-spaces. Consider any three-dimensional subspace F C M) on which the intersection 

pairing is positive definite. Then F is called a positive three-space. Using orthogonal projections, 
^ ' given orientations on two positive three-spaces can be compared to each other. So, if p is an 
^ . arbitrary isometry of M) and F is a positive three-space, one can ask whether a given 

orientation of F coincides with the image of this orientation on p{F). If this is the case, then 
one says that p is orientation preserving. Note that this does neither depend on F nor on the 
chosen orientation of F. The fact that any automorphism / of the complex surface X induces a 
Hodge isometry with f*{Cx) = Cx is equivalent to saying that is orientation preserving. More 
generally one has: 

Theorem 1. (Donaldson) Let f : X^^X be any diffeomorphism. Then the induced isometry 
: H'^ {X , Tj) H'^ {X , 1,) is orientation preserving. 

This leads to a complete description of the image of the natural representation 

Diff(X) ^0{H\X,Z)) 
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as the set of all orientation preserving isometries of the lattice (X, Z) . That every orientation 
preserving isometry can be lifted to a diffeomorphism relies on the Global Torelli theorem (see [2] ) . 
The other inclusion is the above result of Donaldson. 

There are several reasons to pass from automorphisms or, more generally, diffeomorphisms of 
a K3 surface X to derived autoequivalences. First of all, exact autoequivalences of the bounded 
derived category 

V>'\X) := D^Coh(X)) D,V(Ox-Mod) 

of coherent sheaves can be considered as natural generalizations of automorphisms of the complex 
surface X, for any automorphism clearly induces an autoequivalence of I}^{X). The second moti- 
vation comes from mirror symmetry, which suggests a link between the group of autoequivalences 
of D^{X) and the group of diffeomorphisms or rather symplectomorphisms of the mirror dual K3 
surface. 

In order to study the derived category D^{X) and its autoequivalences, one needs to introduce 
the Mukai lattice H{X, Z) which comes with a natural weight two Hodge structure. The lattice 
H{X,Z) is by definition the full cohomology H*{X,Z) endowed with a modification of the inter- 
section pairing (the Mukai pairing) obtained by introducing a sign in the pairing of with H^. 
The weight two Hodge structure on H{X, %) is by definition orthogonal with respect to the Mukai 
pairing and therefore determined by setting H'^'^iX^ := {{"^'^{X). 

In his seminal article ^29j , Mukai showed that to any exact autoequivalence (of Fourier-Mukai 

type) $ : D^{X)-—^T)^{X) of the bounded derived category of a projective K3 surface there is 
naturally associated an isomorphism 

^>^* : H{X, Z) H{X, 1) 

which respects the Mukai pairing and the Hodge structure, i.e. <I>^ is a Hodge isometry of the 
Mukai lattice. Thus, the natural representation Aut(X) — s-0(//^(X, Z)) is generalized to a rep- 
resentation 

Aut(Db(X)) -0(^(X,Z)). 

The lattice H{X, Z) has signature (4, 20) and, in analogy to the discussion above, one says 
that an isometry p of H{X, Z) is orientation preserving if under orthogonal projection a given 
orientation of a positive four-space in H{X, Z) coincides with the induced one on its image under 
p. Whether p is orientation preserving does neither depend on the positive four-space nor on the 
chosen orientation of it. The main result of this paper is the proof of a conjecture that has been 
formulated by Szendroi in [H3] as the mirror dual of Donaldson's Theorem 1. 

Theorem 2. Let ^ : D^{X)^D^{X) be an exact autoequivalence of the bounded derived category 

of a projective K3 surface X. Then the induced Hodge isometry : H{X,1,) H{X,7j) is 
orientation preserving. 

For most of the known equivalences this can be checked directly, e.g. for spherical twists and 
tensor products with line bundles. The case of equivalences given by the universal family of stable 
sheaves is more complicated and was treated in [ZT| . The proof of the general case, as presented 
in this article, is rather involved. 

Theorem 2 can also be formulated for derived equivalences between two different projective K3 
surfaces by using the natural orientation of the four positive directions (see Section 14. 5|) . 

Based on results of Orlov [30], it was proved in [T^ EI] that any orientation preserving Hodge 
isometry actually occurs in the image of the representation Aut(D'^(X)) — ^0{H{X, Z)). This can 
be considered as the analogue of the fact alluded to above that any orientation preserving isometry 
of H'^(X, Z) lifts to a diffeomorphism or to the part of the Global Torelli theorem that describes the 
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automorphisms of a K3 surfaces in terms of Hodge isometries of the second cohomology. Together 
with Theorem 1, it now allows one to describe the image of the representation <I>i — as the 
group of all orientation preserving Hodge isometries of the Mukai lattice H[X,'L): 

Corollary 3. For any algebraic K3 surface X one has 



The kernel of Diff (M) — 0(i72(X, Z)) is largely unknown, e.g. we do not know whether it is 
connected. In the derived setting we have at least a beautiful conjecture due to Bridgeland which 
describes the kernel of the analogous representation in the derived setting as the fundamental 
group of an explicit period domain (see [3]). 

The key idea of our approach is actually quite simple: Deforming the Fourier-Mukai kernel of a 
given derived equivalence yields a derived equivalence between generic K3 surfaces and those have 
been dealt with in [18]. In particular, it is known that in the generic case the action on cohomology 
is orientation preserving. As the action on the lattice H{X, Z) stays constant under deformation, 
this proves the assertion. 

What makes this program complicated and interesting, is the deformation theory that is involved. 
First of all, one has to make sure that the Fourier-Mukai kernel does deform sideways to any 
order. This can be shown if one of the two Fourier-Mukai partners is deformed along a twistor 
space, which itself depends on a chosen Ricci-flat metric on the K3 surface, and the other is 
deformed appropriately. The second problem, as usual in deformation theory, is convergence of 
the deformation. This point is quite delicate for at least two reasons: The Fourier-Mukai kernel is 
not just a coherent sheaf but a complex of coherent sheaves and the deformation we consider is not 
algebraic. We circumvent both problems by deforming only to the very general fibre of a formal 
deformation, which is a rigid analytic variety. (In fact, only the abelian and derived category of 
coherent sheaves on the rigid analytic variety are used and never the variety itself.) The price 
one pays for passing to the general fibre of the formal deformation only and not to an actual 
non-algebraic K3 surface is that the usual C-linear categories are replaced by categories defined 
over the non-algebraically closed field C((t)) of Laurent series. 

The original paper [19] combined the results of this article and the more formal aspects now 
written up in [20]. We hope that splitting [19j in two shorter articles will make the structure of 
the discussion clearer and not lead to confusion. 

The plan of this paper is as follows: In Section [21 after defining the formal setting we will work 
with, we show that, for a formal twistor deformation associated to a very general Kahler class, the 
bounded derived category of its general fibre has only one spherical object up to shift (Proposition 
I2.14p . Hence the results of [H] can be applied. This part is based on results in [19] not covered 
here, which can now also be found in the separate [20] . In order to study autoequivalences of the 
bounded derived category of the general fibre, we construct a special stability condition for which 
the sections of the formal deformations yield the only stable semi-rigid objects (Proposition 12.17]) . 
As a consequence, we prove that up to shift and spherical twist any autoequivalence of the general 
fibre sends points to points (Proposition 12. lS|) and its Fourier-Mukai kernel is a sheaf (Proposition 



Section [3] deals with the deformation theory of kernels of Fourier-Mukai equivalences. In order 
to control the obstructions, one has to compare the Kodaira-Spencer classes of the two sides of the 
Fourier-Mukai equivalence, which will be done using the language of Hochschild (co)homology. In 
particular we show that, under suitable hypotheses on the deformation and on the Fourier-Mukai 
kernel, the kernel itself deforms. 

In Section jj] we come back to derived equivalences of K3 surfaces and their deformations. We 
will prove in two steps that the first order obstruction and all the higher order obstructions are 
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trivial. For one of the K3 surfaces the deformation will be given by the twistor space and for the 
other it will be constructed recursively. The conclusion of the proof of Theorem 2 is in Section [4.41 

2. The very general twistor fibre of a K3 surface 

In this section we study very special formal deformations of smooth projective K3 surfaces. The 
aim is to prove that the derived category of what will be called the general fibre of the formal 
deformation behaves similarly to the derived category of a generic non-projective K3 surface. 

2.1. Formal deformations. Let R := C[[t]\ be the ring of power series in t with field of fractions 
K := C((t)), the field of all Laurent series. For any n, the surjection R — ^Rn ■= C[t]/{t'^~^^) yields 
a closed embedding Spec(ii„) C Spec(i?), the n-th infinitesimal neighbourhood of G Spec(i2). 
The increasing sequence of closed subschemes = Spec(i?o) C Spec(i?i) C . . . C Spec(i?n) C . . . 
defines the formal scheme Spf(i?). 

A formal deformation of a smooth projective variety X is a smooth and proper formal i?-scheme 
TT : X — s-Spf(i?), where X is given by an inductive system of schemes 7r„ : — ^Spec(-R„), smooth 
and proper over and isomorphisms 

-^n+l XiJn+i Spec(i?„) ~ Xn 

over Rn such that Xq = X. While the topological space underlying the scheme X is X, the 
structure sheaf of X is Ox = lini Ox„- For the rest of this paper the natural inclusions will be 

denoted as follows {m < n): 

Ln '■ Xfi — ^ X and i '.= lq '. X — ^ X ; 

im,n • X^^ ^ X^^ in . — in^n+1 • X^'^ 5» X'fri-\-\^ and Jji — ^0,n • X^. 

Example 2.1. Examples of formal deformations of a smooth projective variety X are obtained 
by looking at smooth and proper families X — of (usually non-algebraic) complex manifolds 
over a one-dimensional disk D with local parameter t and special fibre X = Xq. The infinitesimal 
neighbourhoods Xn := X x^) Spec(i?„), considered as i?„-schemes, form an inductive system and 
thus give rise to a formal i?-scheme vr : X — ^Spf(i?). Thus, although the nearby fibres Xj of 
X = Xq could be non-algebraic, the construction leads to the algebraic object X . 

If X is a K3 surface, examples of such families are provided by the twistor space vr : X(u;) — ^P(a;) 
associated to a Kahler class w on X. The total space X(a;) is a compact complex threefold, which is 
never algebraic nor Kahler (see [13\ Rem. 25.2]), and the projection vr is smooth and holomorphic 
onto the base P(u;), which is non-canonically isomorphic to P^. The fibres are the complex manifolds 
obtained by hyperkahler rotating the original complex structure defining X in the direction of the 
hyperkahler metric determined by cu. In particular, there is a distinguished point G ¥{uj) such 
that the fibre X(a;)o := vr~^(0) is our original K3 surface X. By construction, the image of the 
composition 

ToP(c^) ^ H\X,Tx) H^X, n],) 

of the Kodaira-Spencer map and the contraction v\ — ^v_ia = a{v, — ), where a G H^{X, is any 
non-trivial holomorphic two- form, is spanned by the Kahler class uj (for further details, see p]). 

Choosing a local parameter t around 0, one gets a formal deformation vr : X — ^Spf(i?) which 
we call the formal twistor space of X. Notice that the construction depends on the choice of the 
Kahler class uj and of the local parameter t. 

The i2-linear category Coh(Af) of coherent sheaves on X contains the full abelian subcategory 
Coh(<%')o C Coh{X) consisting of ah sheaves E G Coh{X) such that f^E = forn » 0. (For the 
definition of coherent sheaves on noetherian formal schemes see ^[T^ Ch. II.9] or [23].) By definition 
Coh(<%')o is a Serre subcategory and the quotient category 

Coh{XK) := Coh(A')/Coh(;f)o 
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is called the category of coherent sheaves on the general fibre. By abuse of notation, we sometimes 
denote Coh(Aj<-) by Xk- When X is a formal twistor space, we call the general fibre Xk the 
general twistor fibre. 

For E € Coh(A'), denote by Ek its projection in Coh(A'/^). The category Coh{XK) is a 
i^T-linear abelian category and 

(2.1) RomxjAEK,FK) ^ Hom;t.(^, F) K, 

for any E,F e Coh(Af) (see [H Prop. 2.4] or [20, Prop. 2.3]). 

A coherent sheaf E G Coh{X) is R-flat if the multiplication with t yields an injective ho- 
momorphism t : E — ^E. We denote by Coh(^)f C Coh{X) the full additive subcategory of 
all i?-flat sheaves. Observe that Coh(Af)f — ^Coh(Afx) is essentially surjective, i.e. every object 
F € Coh(Aj<-) can be lifted to an i?-flat sheaf on X. Indeed, F = Ex, then (-E'f)x — Ex = F, 
where Ef = E/T and T := UKer(t" : E — ^E) (notice that since locally a coherent sheaf E is 
the completion of a finitely generated module over a noetherian ring, the union stabilizes). By 
definition E{ is an i?-flat lift of F. 

Passing to derived categories, consider the full thick triangulated subcategory 

D^(A') C Db(^) := D,V(OA'-Mod) 

consisting of complexes of 0;^-modules with cohomologies in Coh(X)(). The Verdier quotient 
category D^{Xk) ■= D^(Af)/DQ(^) is called the derived category of the general fibre. As before, 
we denote by Ex the projection to D^{Xx) of any E G D^{X). The category D^{Xx) is a ET-linear 
triangulated category and 

}iomxj,iEx,Fx) ^ RomxiE, F) K, 

for any E,F e D'^(<%') (see [El Prop. 3.9] or [201 Prop. 2.9]). In particular B'^iXx) has finite 
dimensional Hom-spaces over K. Moreover Coh.{Xx) is the heart of a bounded t-structure in 
D'^iXx). 

When X is a K3 surface, the main properties of D^{Xx) are summarized by the following result 
which is proved in [191 Sect. 3] or [20, Thm. 1.1]. 

Theorem 2.2. Let vr : X — ^Spf(i?) be a formal deformation of a K3 surface X = Xq. Then the 
derived category T>^{Xx) of its general fibre is equivalent to {Coh{Xx)) which is a K-linear K3 
category. 

Recall that a K3 category is a triangulated category with finite dimensional Hom-spaces and 
such that the double shift defines a Serre functor (see [18]). 

The main derived functors (tensor product, pull-back push-forward, Hom's) are well-defined at 
the level of derived categories of formal schemes over Spf(i?). Moreover, all the basic properties 
of them (e.g. commutativity, flat base change, projection formula) hold in the formal context. All 
those functors are i?-linear and hence they factorize through the derived category of the general 
fibre, verifying the same compatibilities (see [ISl App. A.l] or [201 Sect. 2.3]). To simplify the 
notation, sometimes we will denote a functor and its derived version in the same manner. In 
the case of an immersion of (formal) schemes j : — Z and a sheaf F € Coh(Z), we set 
F\y ■.= n°{Lj*F). 

Remark 2.3. Let X and Y be smooth and projective varieties. Let Xn,yn — ^Spec(-Rn) be an 
inductive system of smooth and proper schemes such that Xn y<R^ Spec(i2o) — ^ smd yn y<R^ 
Spec(i?o) — Y, with n € N. These collections yield formal deformations X,y — ^Spf(i?) of X and 
Y respectively. 
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i) Any bounded complex with coherent cohomology on a smooth formal scheme is perfect, i.e. 
locally quasi-isomorphic to a finite complex of locally free sheaves of finite type. This is however 
not true for n > 0, in which case we will have sometimes to work with 

Dperf(<^n) C D^;f„), 

the full triangulated subcategory of perfect complexes on For E G D^(Af), we set En := 
Ll^E G Dpei.f(Af„). 

ii) Given S € D'^(A' x/j 3^), we can define the Fourier-Mukai transform 

^£:I}^{X) ^Db(3^), E\ ^Rp^{q*E^^ £), 

where p : X x y — and q : X x y — ^X are the projections. All the basic properties of Fourier- 
Mukai transforms valid for smooth projective varieties extend to the formal setting (see [191 App. 
A. 2] or |2U[ Sect. 2.3]). Everything said also works for Xn and with the only difference that we 
have to assume now that the Fourier-Mukai kernel £n G D^{Xn x/j^ 3^„) is perfect. Analogously, 
one can define the Fourier-Mukai transform 

<^:f:B^{XK) -Db(3;^) 

associated to an object T G D^((^ xj^ y)K)- Indeed, given £ G 'D^{X xji y) with £k — ^, 
by i?-linearity, the Fourier-Mukai transform <!>£• : D^{X) — ^0*^(3^) descends to a Fourier-Mukai 
transform : T)^[Xk) — ^D^(3'x)j i-e. one has a commutative diagram 

B'°{X)^^B'°{y) 
BHXK)^B\yK). 

iii) Let £"„ G Dpcri{Xn xr^ 3^„), with n G N, be such that its restriction £o := Lj*£n G D^{X x Y) 
is the kernel of a Fourier-Mukai equivalence : T>^{X) ^^D^{Y). Then the Fourier-Mukai 
transforms : Dpcri{Xn) — ^Dperf(3^n) and : D^(Af„) — ^D'^(3^„) are equivalences. The same 
holds true for £ G B^{X xr^y) (see [H Prop. 3.19] or gOl Prop. 2.12]). 

iv) As a consequence of iii), for £ G D^{X Xfj y) such that : D^{X)^^D^{Y) is an 

equivalence, the Fourier-Mukai transform : T>^{Xk) —^G^iyx) is an equivalence, where 

£k G B^iiX xjiy)K) (see [H, Cor. 3.20] or ^ Cor. 2.13]). 

Sheaves and complexes of sheaves are usually denoted by E, F, etc. The use of £, T wants to 
indicate that they are Fourier-Mukai kernels, which we wish to distinguish from the objects on the 
source and target variety of the associated Fourier-Mukai transform. 

Given a formal deformation vr : X — 5-Spf(i?) of a smooth projective variety X, the category 
V)°{^Xk) contains the special object Oxk '■— iPx)K- Other objects of interest for this paper are 
obtained as follows. A multisection is an integral formal subscheme Z d X which is flat of relative 
dimension zero over Spf(i?). The structure sheaf Oz of such a multisection induces an object 
in Qo\\{Xk). Objects of this form will usually be denoted by -fC(x) G Qo\\{Xk) and should be 
thought of as (structure sheaves of) closed points x G Xk of the general fibre Xk- By specialization, 
any point A'(x) G Coh(AV) determines a closed point x G X of the special fibre. The point x 
is called K-rational if 2 C is a section, i.e. tt\z ■ Z — 5-Spf(ii) is an isomorphism. Clearly, a 
closed point x G Xk is iT-rational if and only if the natural homomorphism K — s-End/^^^ (i^(x)) 
is an isomorphism. 
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Remark 2.4. Let be a formal deformation of a K3 surface X and take F G D'^(A'x). 

i) We call F rigid if Ex.t\.^{F, F) = 0. We call F spherical if it is rigid and Ext^^(F, F) ^ K 
if i = 0,2. An example of spherical object is provided by Oxk- For this use (12.30 and p. 21) . 

ii) The object F is semi- rigid if Extj^. (F,F) = 1^®^. Applying again (|2.2p and Serre duality 
one shows that a ET-rational point x is semi-rigid. 

2.2. Torsion (free) sheaves on the general fibre. For a formal deformation X oi a, smooth 
projective variety X, we say that F G Coh(Afft-) is torsion (resp. torsion free) if there exists a lift 
E € Coh(A') of F which is a torsion (resp. torsion free) sheaf on X . 

Note that F G Coh(Afft') is torsion if and only if any lift of F is torsion. A torsion free F always 
admits also lifts which are not torsion free (just add i?-torsion sheaves). However, the lift E oi a 
torsion free F is i?-flat if and only if it is torsion free. We leave it to the reader to show that any 
subobject of a torsion free F G Coh(A'i^) is again torsion free and that any F G Coh(^/^) admits 
a maximal torsion subobject i^tor C F whose cokernel F/Ftor is torsion free (use (j2.ip ). 

Well-known arguments of Langton and Maruyama can be adapted to prove the following: 

Lemma 2.5. Any torsion free F G Coh(Afft') admits an R-flat lift E G Coh(A') such that the 
restriction Eq of E to the special fibre is a torsion free sheaf on X. 

Proof. We shall prove the following more precise claim (cf. the proof of [I6i, Thm. 2.B.1]): Let 
-E be a torsion free (as C';t'-module) coherent sheaf on X. Then there exists a coherent subsheaf 
E' C E with Eq := Ll*E' a torsion free sheaf and such that the inclusion induces an isomorphism 
E'k ^ Ek. 

Suppose there is no such E' C E. Then we construct a strictly decreasing sequence . . . E'^'^^ C 
E'^ C . . . C E^ = E inductively as follows: 

:= Ker [E^ ^ E^ ^ E^ / (E^),or) , 

where (-EQ)tor means the torsion part on the special fibre. Clearly, E'^ = Ek- For later use, we 
introduce := (£'g )tor and := Eq/B"^, which will be considered simultaneously as sheaves 
on the special fibre X and as sheaves on X. Then there are two exact sequences of sheaves on X, 
respectively X 

^ ^ ^ G" ^ 

and 

^ ^ ^o"^^ ^ 5" ^ 0. 

The first exact sequence is just the definition of E'^'^^. For the second one we first construct the 
surjection Eq~^^ — ^B^ by restricting i?""'"^ — s-E"^ to the closed fibre. The image of the resulting 
homomorphism E;^+^ ^ EJ^ is the kernel of E^^G'\ i.e. S". Let K be the kernel of E^"^^ S". 
We will show K ~ G". For this we use the two short exact sequences 

^ ^ ^ E^^^ ^ 

and 

^ tE" ^ ^"+1 ^ ^ 0, 

where the latter one is obtained from snake lemma applied to the natural surjection E^/tE"^ = 
Eq — ^E'^/E^'^^ = G". Another diagram chase shows that K sits inside the short exact sequence 

^ tE^" ^ K ^ 0, 

where if is the morphism induced by the inclusion E^~^^ — ^E" via the isomorphisms En — tEn 
and En+i — tEn+i, given by the multiplication by t. Thus K ~ G". 

As G" is a torsion free sheaf on X, one has B"'^^ D G" = in Eq~^^ . Therefore, there is a 
descending filtration of torsion sheaves . . . C B^^^ C i?" C . . . and an ascending sequence of 
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torsion free sheaves . . . C G"" C G""*" C . . .. The support of the torsion sheaves on X might 
have components of codimension one, but for n ^ the filtration stabilizes in codimension one. 
Indeed, clearly, the support of the stabilizes for n ^ and on there the generic rank will have 
to stabilize, which then means that the themselves stabilize in codimension one. 

Hence, . . . C G" C G""*"^ C . . . stabilizes for n ^ in codimension one as well. In particular, the 
reflexive hulls do not change, i.e. (G"")" = (G""*"^) for n ^ 0. Therefore, for n ^ the sequence 
G" C G""*"^ C ... is an ascending sequence of coherent subsheaves of a fixed coherent sheaf and 
hence stabilizes for n ^ 0. This in turn implies that . . . C B^~^^ C C . . . stabilizes for n ^ 0. 

Replacing E by with n ^ 0, we may assume that G := = = . . . = G" = . . . and 
/ 5 := 5° = 5^ = . . . = = . . .. Note that this actually implies Eq = G®B. 

We continue with the new E obtained in this way and consider the filtration i?" for it. Now set 
:= E/E"^ . Then by definition of E^ one has Qq ~ G. Moreover, there exists an exact sequence 

^ G ^ Q"+i ^ ^ 0, 

for E'^jE'^"'^ G"" = G. Next, the quotient E—^Q^ factorizes over E—^E/f'E—^Q''. 
Indeed, by construction tE'' C and thus = f'E^ C S". Thus, we have a sequence of 

surjections E/t^E — ^Q'^ of coherent sheaves on Xn-i whose restriction to the special fibre yields 
the surjection Eq — ^G with non-trivial torsion kernel B. 

One easily verifies that the system (E/f^E — ^Q"') yields a surjection E — of coherent 
sheaves on the formal scheme X. Indeed, the system (Q") defines a coherent sheaf on the formal 
scheme X, for G = Ker((5"+^ ^Q") = t"Q"+i. The inclusion t"g"+i C G is obvious and 
G C t"^Q^^^ can be proved inductively as follows: Suppose one has proved already that G C 
fkqn+i £qj, < is the kernel of the projection t^Q'^'^^ ^t^Q'^ . Then use ~ 
^kqn^^k+iQn ^ to deduce that G = Ker(t''+iQ"+i — t^+^Q"). The compatibility with the 
quotient maps E/f^E — s^Q" is obvious. 

Outside the support of B the morphism E — is an isomorphism and hence Ker(S — ^Q) 
must be torsion and non-trivial. This contradicts the assumption on E. □ 

2.3. The i^-group of the general fibre. With the usual notation, for E,E' G D^{X) one sets: 

Xo{E,E') := J^(-l)Mimc Ext^ 
and analogously for F, F' E J}^{Xk)'- 

Xk{F,F') := ^{-ly dimKE^t\, JF,F'). 

RecaU that (see [H Cor. 3.15 and 3.16] or [20, Cor. 3.2 and 3.3]) for E,E' e D^(Af), one has 

(2.2) xo{Eo,E'o)=x{Ek,E'k) 
and the following semi-continuity result 

(2.3) dime Homx(-Eo, Eq) > diuiK Rouixk^Ek, E'j^), 

where Eq and Eq are the restrictions of E and E' to the special fibre. 

Let us now consider the iC-groups of the various derived categories: K{X) := K{D^{X)), 
K{X) := K(D^{A:)), and K{Xk) := K{D^{Xk)). We say that a class [E] G K{X) is numerically 
trivial, [E] 0, if xo{E,E') = for all E' G T>^{X). Numerical equivalence for the general fibre is 
defined similarly in terms of xk- Set 



J\f{X) := K{X)/ ~ and M{Xk) ■= K{Xk)/ ~ 
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Lemma 2.6. Sending [F] = [Ek] G J^{Xk) (where E G D^(;f) is any lift of F) to [Eq] G M{X) 
determines an injective linear map 

res : AA(;fK) ^ Ar{X)/L*K{X)^. 

(The orthogonal complement is taken with respect to xo-) 

Proof. The linearity of the map is evident, but in order to show that it is weh-defined one needs 
that xk{Ek, -) = imphes xo{Eo,E'q) = for all E' G B^{X). This follows from Klh . 

In order to prove injectivity of res, suppose £^0 G l*K{X)-^. Then xk{Ek, E'j^) = xo{Eq, Eq) = 
for all [E'] G K[X). Since K{X) — ^K{Xk) is surjective, this proves the claim. □ 

Remark 2.7. In fact, res can be lifted to a map 

K{Xk) ^K{X), 

which will be used only once (see the proof of Corollary I4.9p . To show that the natural map 
\Ek\ I — ^ [Eq] is well-defined, it suffices to show that any i2-torsion sheaf E G Coh(Af) leads to a 
trivial class [Ll*E] = [Eq] in K{X). 

As any i?-torsion sheaf admits a filtration with quotients living on Xq = X/\t is enough to prove 
that = [Li* i^,G] G K{X) for any G G Coh(X). For this, we complete the adjunction morphism 
Ll*l^G — ^G to the distinguished triangle 

(2.4) G[l] ^Ll*l,G -G, 

which shows [Ll*l^G] = [G] + [G[l]] = 0. For the existence of see e.g. [El Cor. 11.4]. The 
proof there can be adapted to the formal setting. 

2.4. The general fibre of a very general twistor space. Let vr : X — ^Spf(i2) be a formal 
twistor space of a K3 surface X associated to a Kahler class uj. In the following, oj has to be chosen 
very general in order to ensure that only the trivial line bundle Ox deforms sideways. Here is the 
precise definition we shall work with. 

Definition 2.8. A Kahler class lo G H'^''^{X,R) is called very general if there is no non-trivial 
integral class / a G H^''^{X,Z) orthogonal to to, i.e. uj-^ n H^''^{X,Z) = 0. 

The twistor space associated to a very general Kahler class will be called a very general twistor 
space and its general fibre a very general twistor fibre. 

Remark 2.9. Thus the set of very general Kahler classes is the complement (inside the Kahler 
cone ICx) of the countable union of ah hyperplanes a-^ C H^'^{X,R) with / a G H^^^{X,Z) and 
is, therefore, not empty. Moreover, very general Kahler classes always exist also in Pic(X) ® R. 

In the next proposition we collect the consequences of this choice that will be used in the 
following discussion. 

Proposition 2.10. Let uj be a very general Kahler class on a K3 surface X and let vr : X — 5-Spf(i?) 
he the induced formal twistor space. Then the following conditions hold: 

i) Any line bundle on X is trivial. 

ii) Let Z C X be an R-flat formal subscheme. Then either the projection vr : Z — ^ Spf (i?) is of 
relative dimension zero or Z = X . 

iii) The Mukai vector v := ch. ■ y^td(X) and the restriction map res (see Lemma \2. b]) define 
isomorphisms 

voies: M{Xk) M{X) /i*K{X)^ H^)iX, Z) ~ Z®^. 
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Proof, i) As uj is very general, even to first order no integral (1, l)-class on X stays pure. Thus, in 
fact any line bundle on Xi is trivial (see e.g. [13J Lemma 26.4]). 

ii) The second assertion holds without any genericity assumption on the Kahler class uj and goes 
back to Fujiki [12]. The case of relative dimension one can also be excluded using i). 

iii) For the second isomorphism we need to show that i*K{X)^/'-^= H^'^[X,'L). As has been 
used already in the proof of i), no class in H^'^{X,Z) deforms even to first order. In other words, 
the image of i*K{X) in AA(X) is contained in H^{X, Z) eiJ^(X, Z) and thus orthogonal to H^{X) 
and in particular to H^^'^(X,Z), proving H^'^{X,Z) C l*K{X)^. 

To prove that the inclusion H^'^{X,Z) C l*K{X)^ is an equality, consider Ox and the struc- 
ture sheaf Ol^ of any section through a given closed point x G X. Then i*Ox — Ox and 
i*OL^ ~ k{x) with Mukai vectors (1,0,1) and (0,0,1), respectively. These two vectors form a 
basis of {H^ © H^){X,'L) and their images in M{X)/i*K{X)^ are linearly independent, because 
Xo{k{x).,i*OL^) = Xoi^ix), k{x)) = but xq{^ x ■, i* O l^) 0. This proves that the inclusion 
H^'^{X,'L) C i*K{X)^ cannot be strict. Hence we get the second isomorphism. 

The injectivity of the map res has been shown in general in Lemma 12.61 and [Ox] and [A;(x)], 
spanning M {X) / l* K [X)-^ , are clearly in the image of it. □ 

Example 2.11. Under the assumptions of Proposition \2.\Q\ we often write (r, s) instead of (r, 0, s) 
for the Mukai vector in the image of w o res. 

i) If F is a non-trivial torsion free sheaf on Xk, then t;(res(-F)) = (r, s) with r > 0. 

ii) For any closed point y € Xk one has v{ies{K{y))) = (0,(i), where d is the degree (over 
Spf(i?)) of the multisection Z d X corresponding to y. 

iii) If F € Co\i{Xk) with v{xes{F)) = (0,0), then F = 0. Indeed, if E is an i2-flat lift of F, 
then Eq would be a sheaf concentrated in dimension zero without global sections. Hence Eq = Q 
and then also E = Q. 

The restriction Eq of an i?-flat lift F of a torsion F G Coh(AV) is a torsion sheaf on the special 
fibre Xq c^t X with zero-dimensional support (use Proposition I2.10p . The structure of torsion 
sheaves on the general twistor fibre is described by the following result. 

Corollary 2.12. Let vr : X — ^Spf(i?) be as in Proposition \2.1(K 

i) Any torsion sheaf F E Co\i{Xk) can he written as a direct sum @ Fi such that each Fi admits 
a filtration with all quotients of the form K(yi) for some point yj € Xk- 

ii) If F £ Coh{XK) is a non-trivial torsion free object and 7^ F' € Coh^Xx) is torsion, then 
RomxAF,F')^0. 

Proof, i) Indeed, if one lifts F to an i?-flat sheaf E, then E is supported on a finite union of 
irreducible multisections Zi C X. If only one Zi occurs, E can be filtered such that all quotients 
are isomorphic to Ozi which induces the claimed filtration of F = Ek. Thus, it suffices to show 
that for two distinct multisections Zi., Z2 (Z X inducing points yi 7^ y2 G Xk in the general fibre 
there are no non-trivial extensions, i.e. Ext;^^(i^(yi), i^(y2)) = 0. If Zi and Z2 specialize to 
distinct points yi 7^ y2 ^ X (with multiplicities), then this obvious by semi-continuity ()2.3p . For 
yi = y2 one still has XKiK{yi), K{y2)) = Xo(^(yi), ^(2/2)) = due to ([221). Using Serre duality, 
it therefore suffices to show that Hom;\:'^(K(yi), i('(y2)) =0. If / : Ozi — ^0^2 is a non-trivial 
homomorphism, then its image would be the structure sheaf of a subscheme of X contained in Zi 
and in Z2. Clearly, the irreducible multisections Zi do not contain any proper subschemes. 

ii) By i) it suffices to show that HouiXif {F, K{y)) ^ for any closed point y G Xx and any torsion 
free F e Coh(<Yx). Using Serre duality, one knows Ext\^{F, K{y)) ~ Romxi^ {K (y) , F)* = 0. 
Thus, XKiF, K{y)) = r ■ d > 0, where r is given by u(res(F)) = (r, s) and d is the degree of the 
multisection corresponding to y € Xk, implies the assertion. □ 

Clearly, in the decomposition F ~ ^ Fj we may assume that the points y^ are pairwise distinct, 
which we will usually do. 



DERIVED EQUIVALENCES OF K3 SURFACES AND ORIENTATION 



11 



Remark 2.13. Later we shall use Proposition 12.101 and Corollary 12.121 under slightly weaker 
assumptions. One easily checks that it suffices to assume that the first order neighbourhood of 
X — ^Spf(i?) is induced by a generic twistor space. In fact, the only assumption that is really 
needed is that Oa" is the only line bundle on X. 

2.5. Spherical objects on the very general twistor fibre. The proof of the following propo- 
sition is almost a word by word copy of the proof of Lemma 4. 1] and is included only to show 
that indeed the techniques well-known for classical K3 surfaces work as well for the general twistor 
fibre. 

Proposition 2.14. Suppose vr : X — s-Spf(i?) is the formal twistor space of a K3 surface X 
associated to a very general Kdhler class. Then 

i) The structure sheaf Ox^ is the only indecomposable rigid object in Coh(Af/<). 

ii) Up to shift, is the only quasi- spherical object in Y)^{Xk) (see [18^ Def. 2.5]J. 

iii) The K3 category D^{Xk) satisfies condition (*) in [18^ Rem. 2.8]. 

Proof. Proposition 2.14 in [I8j shows that i) implies ii) and iii). Thus, only i) needs a proof. 

First, let us show that any rigid F G Co\\{Xk) is torsion free. If not, the standard exact 
sequence Ftor—^ F ^ F' (see Section E21) together with YloTa.x{Ftov,F') = and [H 
Lemma 2.7] would show that also F^or is rigid. However, due to Corollary 12.121 i) [Ftor] S K{Xk) 
equals a direct sum of sheaves of the form K{y). As XK{K{yi),K{y2)) = for arbitrary points 
yi)y2 £ Xk, one also has X-ft' (-^tor i -Ptor ) = 0, which obviously contradicts rigidity of a non-trivial 

As an illustration of the techniques, let us next prove that Ox^ is the only spherical object in 
T)^{Xk) that is contained in Co\i{Xk). Suppose F S Coh.{XK) is spherical and let E € Coh(,^) 
be an ii-flat torsion free lift of F. Then, by ()2.2p . one has 2 = xk{F,F) = xo{Fq, Eq), i.e. 
v{Eo) = v{res{F)) = ±(1,0,1). As F (and hence Eq) is a sheaf, we must have v{Eq) = (1,0,1). 
In other words, F and Oxk numerically equivalent and, in particular, xk{Oxkj F) = 2. The 
latter implies the existence of a non-trivial / : F — ^Ox^ or a non-trivial / : Ox^ — ^F. Now 
we conclude by observing that any non-trivial / : Gi — in Coh(Afft-) between torsion free Gi 
and G2 with t;(res(Gi)) = ?;(res(G2)) = (1,0, 1) is necessarily an isomorphism. Indeed, kernel and 
image of such an / are either trivial or torsion free of rank one. Since the rank is additive and 
/ 7^ 0, in fact / is injective. The cokernel of the injective / : Gi'^ — 5- G2 would be an G Coh(XK) 
with trivial Mukai vector v{ies{H)) = and hence H = (see Example 12.111 iii)), i.e. / is an 
isomorphism. 

Consider now an arbitrary rigid indecomposable F G Coh{XK) and let (ro,so) = v{Tes{F)). 
Then xk{F,F) = 2roSo > and hence sq > 0. Therefore, xk{Oxk^F) = ro + sq > 0. Suppose 
IIom;f^(C';f^, F) 7^ and consider a short exact sequence of the form 

(2.5) 0%l F — F' 0. 

We claim that then F' must be torsion free. If not, the extension 

— — r^(i^or) — i^or — 

would necessarily be non-trivial, for '^^^(-Ftor) C -F is torsion free. On the other hand, by Serre 
duality and Corollary ElSl i), one has Ext;^^(F/or, Oa-^) = 0. Indeed, Extj^.^,(K(y), Oa-^^ ) ~ 
Ext;^^^(C';t'K) -^(y))* — {R^TTifOz ® K)* = 0, where Z d X \s the multisection corresponding to 
y G Xk. 

Now choose r maximal in ()2.5p . As any 7^ s € IIom;f^(C';t'^, F') defines an injection (use F' 
torsion free), the lift of s to s € Hom;t'^(0;t'^, F), which exists as Oxk is spherical, together with 
the given inclusion Of C F would yield an inclusion Of^^ C F contradicting the maximality of 
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r. Thus, for maximal r the cokernel F' satisfies Hom^f^^ (0;^^^ , F') = and by [18^ Lemma 2.7] F' 
would be rigid as well. Then by induction on the rank, we may assume and, since Ox^ 

is spherical, this contradicts the assumption that F is indecomposable. 

Eventually, one has to deal with the case that Hornxj^iOxj^, F) = 0, but Homxi^iF, Oxk) / 0- 
To this end, consider the reflexive hull F". By definition F^" = {E"")k, where E is an i2-fiat lift 
of F. As we have seen above, F and hence E is torsion free. Thus, F — ^F^" is injective. The 
quotient map F^" — ^(F^^ /F) deforms non trivially if {F^^ /F) ^ 0, e.g. by deforming the support 
of the quotient (use Corollary 12.121 ii))- This would contradict the rigidity of F. Hence F ~ F"". 
Then Hom;t'j^(F, Ox^) = ^ouiXj^iOxn-, F") and we can apply the previous discussion to the rigid 
sheaf F". □ 

Let us now consider the spherical twist 

associated to the spherical object Oxk ^ ^^{^k), i-e. the Fourier-Mukai equivalence with kernel 
(^A)_ft'[l]! where A is the diagonal in X xjiX. We have the following consequence of the previous 
result, which will be used in the proof of Proposition 12.181 

Corollary 2.15. ([18j, Proposition 2.18.) Suppose a is a stability condition on D^{Xk)- If 
F G T>^{Xk) is semi-rigid with ^dimxExt*^;' {Oxk,F) = 1, then there exists an integer n such 
that T^{F) is a -stable. 

For the notion of stability conditions in the sense of Bridgeland and Douglas see [3] . 

2.6. Stability conditions on the very general twister fibre. The next task consists of ac- 
tually constructing one explicit stability condition. Following the arguments in [IB], it should be 
possible to classify all stability conditions on T)^{Xk) for Xk the very general twistor fibre as 
before. However, for our purpose this is not needed. 

We shall next mimic the definition of a particular stability condition for general non-projective 
K3 surfaces introduced in [TS, Sect. 4]. Fix a real number u < —1 and let C Coh(A/^) be 

the full additive subcategories of all torsion free respectively torsion sheaves F € Coh(A/^). 

Lemma 2.16. The full subcategories J-,T <Z Co\i{Xk) form a torsion theory for the abelian 
category Coh(Afx)- 

Proof. For the definition of torsion theories see e.g. [3]. Let F € Coh(Afft') and E € Coh.{X) with 
Ek ~ F. Consider the short exact sequence — ^-Etor — — ^E/Etor — ^0 of coherent sheaves 
on X. Its restriction to Xk, i.e. its image in Coh{XK), is still a short exact sequence, which 
decomposes F into the torsion part (£'tor)_ft: and its torsion free part {E/Etov)K- As there are no 
non-trivial homomorphisms from a torsion sheaf on to a torsion free one, the same holds true 
in Co\i{Xk). □ 

The heart of the t-structure associated to this torsion theory is the abelian category 

A C D^(Coh(A^i^)) ~ ly'^iXK) 

consisting of all complexes F G D'^(Coh(^i^)) concentrated in degree and —1 with TC^{F) G 
Coh^Xx) torsion and T-L~^{F) G Coh(^i^) torsion free. On this heart, one defines the additive 
function 

Z:A ^C, Fi ^-u-r-s, 

where (r, s) = v{Tes{F)). Note that by definition Z takes values only in M. 

Proposition 2.17. The above construction defines a locally finite stability condition a on T)^{Xx). 
Moreover, if F G D^(A'x) is a-stable and semi-rigid with 'Endxi^{F) ~ K, then, up to shift, F is 
a K -rational point K{x.). 
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Proof. Let us first show that Z{F) E M<o for any non-trivial F A. The Mukai vector of a 
torsion F € Coh{XK) is of the form v{res{F)) = (0, s) with s = —C2{Eq), where E is an i2-flat lift 
of F. Thus, Eq is a non-trivial torsion sheaf on X with zero-dimensional support and therefore 
< /lO(So) = x{Eo) = -C2{Eo). Hence, Z{F) € M<o. 

Let now F € Coh(Afx) be torsion free. Then due to Lemma 12.51 there exists an i?-flat lift 
E G Coh(Af) with Eq a torsion free sheaf. We have to show that u ■ rk(£^o) + s{Eq) < or, 
equivalently, C2{Eo) > rk(£'o) ■ (u + !)• The inequality is linear in short exact sequences and 
holds for all ideal sheaves Iz C Ox of (possibly empty) zero-dimensional subschemes Z C X. By 
induction on the rank, we can therefore reduce to the case that H^{X,Eq) = and H'^{X,Eq) ~ 
Homx(-E'Oj C^jf )* = 0. (Indeed, e.g. any non trivial global section of Eq induces an injection 
Ox C Eq whose cokernel has fewer global sections. Since Ox clearly satisfies the inequality, which 
is linear in short exact sequences, it then suffices to verify the inequality for the quotient which 
is of smaller rank than the original Eq. Since torsion sheaves also satisfy the inequality, one can 
divide out by the torsion part of the quotient to get again a torsion free sheaf.) But then x{Eo) < 
and hence the Riemann-Roch formula yields C2{Eq) > 2rk(£^o) > 0- 

In order to verify the Harder-Narasimhan property of a, one shows that the abelian category 
A is noetherian and artinian. At the same time, this then proves that a is locally finite. If -F G 
then 7^-1 (F)[l], (F) G A and the distinguished triangle 0^n-\F)[l] ^F^H°(F) ^0 is 
thus an exact sequence in A. So, if F D Fi D F2 D . . . is a descending sequence in A, then the TC~^ 
of it form a descending sequence of torsion free sheaves. Due to rank considerations this eventually 
stabilizes (the quotients TL~^{Fi)/Tl^^ (Fi^i) are also torsion free!) and from then on one has a 
decreasing sequence of torsion sheaves TiP{Fi) D ^'^(Fj+i) D . . .. After choosing i?-fiat lifts and 
restricting to the special fibre, this yields a decreasing filtration of sheaves on X concentrated in 
dimension zero, which stabilizes as well. Thus, A is artinian. The proof that A is noetherian is 
similar. 

Similar arguments also prove that Ox,i\^] is a minimal object (i.e. an object without proper 
subobjects) in A and therefore cr-stable of phase one. Indeed, if — ^F — ^^C'^t'^-il] — — ^0 is 
a decomposition in A, then the long cohomology sequence shows TiP{G) = and rk('H~^(F)) + 
x\i{n~^{G)) = I. Hence rk(?^-^(G)) = 0, which would yield G = 0, or rk(?^-i(F)) = 0. The 
latter would result in a short exact sequence — ^Oxk — ^'H~^{G) — ^TC^{F) — ^0 in Coh(A/^) 
with 7i~^{G) torsion free of rank one and Ti.^{F) torsion. As shown before, a torsion sheaf 7i^{F) 
has Mukai vector (0, s) with s > and the Mukai vector of the torsion free rank one sheaf Tl~^{G) 
is of the form (l,s') with s' < 1. The additivity of the Mukai vector leaves only the possibility 
s = 0, which implies F = (see Example I2.11|, iii)). Contradiction. 

Suppose F € ^ is a semi-rigid stable object with Endxjf{F) ~ K. If we choose a lift F G D^(Af) 
of F and denote the Mukai vector of Eq by (r,s), then = xk{F,F) = x{Eq,Eq) = 2rs (fT^ . 
Hence r = or s = 0. On the other hand, XKiO^K-i F) = r + s and since Oxj^ [1], F G ^ are both 
non-isomorphic stable objects of the same phase, Ext*^.^ {'^Xk , -P") 7^ at most for i = (use Serre 
duality for i > 1). This shows r + s > 0. Thus, if s = 0, then r > and hence r = 0, because 
objects in A have non-positive rank. Therefore, any semi-rigid stable F G ^ with End;f^(F) ~ K 
satisfies r = 0, i.e. F G Coh(Aj^), and, moreover, F is torsion. Pick an i?-fiat lift F of F, which 
is necessarily torsion as well. Proposition 12.101 shows that the support 2^ C A" of F is of relative 
dimension zero over Spf(i?). Clearly, the support of F is irreducible, as otherwise F would have 
a proper subsheaf contradicting the stability of F. The same argument shows that F is a rank 
one sheaf on Z. Hence, F ~ {Oz)k^ which is iC-rational if and only if ^ C is a section of 
vr : X^^^i{R). Hence F ~ K{ii.) with EndA'^(i^(x)) =K. □ 

2.7. Derived equivalences of the very general twistor fibre. Let us now consider two K3 
surfaces X and X' , and formal deformations of them 



vr : X ^ Spf(i?) and ^' : X' ^ Spf(i?). 
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Moreover, we shall assume that vr : X — ^Spf(i?) is the formal twistor space of X associated to a 
very general Kahler class uj. 

The aim of this section is to show that under the genericity assumption on the Kahler class any 
Fourier-Mukai equivalence between the general fibres and of the two formal deformations 
has, up to shift and spherical twist, a sheaf kernel. 

Proposition 2.18. Suppose $ : D^{Xk) ^^^{'^k) 

is a K-linear exact equivalence. Then, up 
to shift and spherical twist in Ox'^, the equivalence $ identifies K -rational points of Xk with 
K -rational points of X'^. More precisely, there exist integers n and m such that 

o $H : {i^(x) l^eXK-, End;,K(^(x)) ^ K}^{K{y) \ y e X'^, End;t,,(K(y)) ~ K}. 

Proof. First note that although X'j^ is not necessarily a very general twistor fibre, Proposition 12.141 
still applies. Indeed, the object O^^, is spherical and by Proposition 2.14 we know that up to 
shift Oxj^ is the only quasi-spherical object in D^{Xj{) — T)^{X^). Since the property of being 
(quasi-)spherical is invariant under equivalence, one concludes that Oa"^, is mapped to a shift of 
Ox' and that O^', is the only quasi-spherical object on D'^(A'j^). 

The argument follows literally the proof of |18i Lemma 4.9], so we will be brief. Let a be the 
stability condition on D^[X^) which is the image of a under $. Then there exists an integer n, such 
that ah sections K{y) of X'^Spf{R) are r^((T)-stable (cf. Corollary EE] and ^ Prop. 2.18, 
Cor. 2.19]). In other words, for any if-rational point y € X'j^ the object ^~^T^'^{K{y)) is cj-stable. 
As $ is an equivalence, ^>"^r^"(K(y)) is semi-rigid as weh with End^-^^ ($"^r^"(ir(y))) = K. 
Hence, by Proposition 12.171 the set {K{y)} is contained in {T^^{K{x))[m]} for some m. 

Applying the same arg ument to ^>"^ yields equality {T'^<^{K{x)[m])} = {K{y)}. □ 

Proposition 2.19. Suppose ^ : D^{Xk)^B^{X'j^) is a Fourier-Mukai equivalence with kernel 

£k £ D^((^ 'XrX')k). If^ induces a bijection of the K -rational points {A'(x)} {A'(x')}, then 
£k is a sheaf, i.e. £k € Coh{{X XfiX')^). 

Proof. The full triangulated subcategory V C D^{Xk) — D'^(Coh(Afx)) of all complexes F G 
D^{Xk) for which Ext*^;'^(-F, A'(x)) = for all i and all A'-rational points x G Xk will play a 
central role in the proof. 

i) We shall use the following general fact: Let F E Coh^Xx) such that }iomxif{F,K{x)) = 
for any AT-rational point x € Xk, then Hom/^"^ (A'(x), F) = for any A-rational point x € Xx- 
Moreover, in this case F € V. 

In order to prove this, choose an A-fiat lift E of F. Then the support of E is either X or a finite 
union |J Zi of irreducible multisections (see Proposition I2.1U|) . In the first case we would have 
Hom;^^ (A, A'(x)) ^ for any point x G Xk (see Corollarv l2.12l ii)), contradicting the assumption. 
Thus, A ~ ^ Aj with each {Fi)^ admitting a filtration with quotients isomorphic to A(yj), 
where the are points of the general fibre corresponding to different irreducible multisections (see 
Corollarv 12.121 i))- By our assumption, none of the points can be A'-rational. But then in fact 
Hom;f^(A(x), A'(yj)) = for all A-rational points x G X^. 

Since the A-flat lift A of A is supported in a finite union of multisection, the restriction Eq 
of A to the special fibre X has rank zero. Hence = rk(Ao) = xoik{x), Eq) = Xi<'(A'(x), A) = 
— dimx Ext;\^^(A(x), A), where x ^ X is the specialization of A'(x). This is the second assertion. 

ii) Next we claim that if A € I?, then all cohomology sheaves 7i'^{F) € Co\i{Xk) are as well 
contained in V. Indeed, using the spectral sequence 

Af'" = Ext^^(7i-^(A),/^(x)) ^ Ext^^;''(A, A(x)) 

one sees that for q minimal with non- vanishing 7{^'^{F) ^ any non-trivial element in A2''' = 
Hom;f^('H~''(A), A(x)) would survive and thus contradict A € A". Hence, the maximal non- 
trivial cohomology sheaf of A does not admit non-trivial homomorphisms to any A'-rational point 



DERIVED EQUIVALENCES OF K3 SURFACES AND ORIENTATION 



15 



and is, therefore, due to i) contained in V. Replacing F by the cone of the natural morphism 
F — ^T-l~'^{F)[q], which is again in V and with a smaller number of non-trivial cohomology sheaves, 
one can continue and eventually proves that all cohomology of F is contained in D. 

iii) Consider a sheaf ^ F e V Ci Coh(Afi^). We claim that Ext*^^,(C'A'K, ^) = for i 7^ and 
Romxj,{Oxj„F) ^0. 

By the definition of P, one has xk{F^ -f^(x)) = for all i^-rational points x € Xk- Writing this 
as the Mukai pairing, one finds that the restriction Eq of any i?-flat lift E oi F to the special fibre 
X will be a sheaf with Mukai vector (0, 0, s), i.e. Eq is a non-trivial sheaf concentrated in dimension 
zero. If Extj^.^(OA'K,^) / for i = 1 or i = 2, then, by ([23]), one would have Ext^(Ox,^o) 7^ 0, 
which is absurd. On the other hand, since s 7^ for F 7^ (see Example 12.111 iii)), the Mukai 
pairing also shows / s = xq{Ox,Eq) = xk{Oxk^F) and thus Hom^r^ (O^rx > -^) / 0- 

iv) If F G D, then HomA',,-(CA'io ^^(^)) - Ext^^(OA'x, ^)- Using ii) and ih), this follows from 
the spectral sequence 

= Ext^^(0;,,,7^«(F)) ^ Ext^;'^(0;,,,F). 

v) Let us show that under $ the image of any sheaf F € Coh(A'/^) orthogonal to all iiT-rational 
points is again a sheaf ^{F) G Co\i{Xk) (and moreover orthogonal to all i^-rational points). 

As all if-rational points are again of the form <I>(i^r(x)) for some i^-rational point x € Xk-, the 
assumption F implies $(F) G where V C Vi°{X'^) is defined analogously to D C 'D^{Xk)- 
Hence, using iii) and iv) 

Hom;t-^(0;t-^,7^''($(F))) = Ext^^(0;,,.,$(F)) = Ext^^^(0;,,,F) = 

for q ^ Q. Here we use ^{Oxk) — ^x'^^^ which follows from Proposition 12.141 saying that Oxk ^ 
Ti^^XK) respectively Ox'^^ G D'^(A'j^) are the only spherical objects up to shift. (The shift is indeed 
trivial which follows easily from the assumption ^(^^(x)) ~ i^(x').) On the other hand, by ii), 
W{^{F)) G V and thus by ih) Ylouix'^{Ox'j^,W{^{F))) / whenever W{^{F)) / 0. This yields 
^{F) c^n^{^{F)). 

vi) We will now show that <I> not only sends iC-rational points to i^-rational points, but that in 
fact any point K{y), i^-rational or not, is mapped to a point. Applying the same argument to the 
inverse functor, one finds that ^ induces a bijection of the set of all (i^-rational or not) points. 

If K{y) is not i^-rational, then K{y) G V. Hence Gk ■= ^{K{y)) € V (1 Coh{X'j^) due to 
v). Suppose G G Coh(Af') is an i2-flat lift of Gk- We shall argue as in i). Note that we can in 
fact apply Proposition 12.101 and Corollary 12.121 for Ox' is the only line bundle on X' (otherwise 
there would be an extra spherical object) and Remark 12.131 therefore applies. The support of G 
can either be X' or a finite union of multisections. In the first case Hom^^ (Gi^, -ftr(x')) 7^ for any 
-fC-rational point x' G X^. As this would contradict Gk G P', we conclude that G is supported on 
a finite union |J Zi of multisections Zi each inducing a point G X^. Thus, Gk — ©iLi with 
Gi admitting a filtration with quotients isomorphic to K{yi) (cf. Corollary 12.121 i))- Since $ is an 
equivalence, Gk is simple, i.e. 'Endxji{GK) is a field. Thus, n = 1 and Gk = Gi K{yi). 

vii) The last step is a standard argument. We have to show that the kernel of a Fourier-Mukai 
transform that sends points to points is a sheaf (cf. e.g. [17j Lemma 3.31]). If G T)^{X X') 
is a lift of £ki we have to show that the cohomology T-i'^{£) for (7 7^ is i?-torsion or equivalently 
that W{£)k = for g 7^ 0. 

Suppose 7i'^{£) is not i?-torsion for some q > Q. Let go be maximal with this property and 
let y G Xk be a point corresponding to a multisection Z d X m. the image of the support of 
W°{£) under the first projection. Then the sheaf pull-back n^{i*W°{£)) is non-trivial, where 
i : Z y.R X' —^X Xr X' is the natural morphism. In fact, H^{i*W{£))K + 0. Consider the 
spectral sequence (in V>°{X xr X')): 

(2.6) E^^'^ = np{ew{£)) ^ nf+^i*£), 
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which is concentrated in the region p < 0. 

Due to the maximality of qo, the non-vanishing 7{^{i*TC'^°{£))K 7^ imphes Ti'^'^ {i* £) k 7^ 0. But 
then also W{^{K{y))) = Px'^*{'H'i''{i*£)K) + 0, which contradicts vi) if go > 0. 

Suppose there exists a go < with li3^\E)K 7^ 0. Choose go < maximal with this property and 
a multisection y G Xk in the support of (the direct image under the first projection of) 'H'^^{£). 
Then n^{i"W{E))K / and, by using the spectral sequence ([22]) again, W°{i*£)K + 0. As 
above, this contradicts the assumption that <I>(i^(y)) is a sheaf. □ 

3. Deformation of the Fourier-Mukai kernel 

In this section we deal with the obstruction to deforming the kernel of a Fourier-Mukai equiva- 
lence sideways. To this end, we need to compare the Kodaira-Spencer classes of the two sides of 
the Fourier-Mukai equivalence. Before actually showing the triviality of the obstruction, in Section 
13.21 we adapt various (known) facts about Hochschild (co)homology to our setting. 

3.1. The obstructions. Let X be a smooth projective variety and let 7r„ : <Y„ — ^Spec(i?n) be a 
scheme smooth and proper over such that X ~ Xr„ Spec(i?o)- Assume that there exists 
a deformation -Kn+i ■ Xn+i — ^Spec(i?n+i) of Xn to Rn+i, i-e. a scheme smooth and proper over 
Rn+i such that Xn ~ Xn+i Xr„+i Spec(i?„). The extension class of the short exact sequence 

^ jn*Ox ^Xr,+i \x„ ^ ^Xr, ^ 

is the (absolute) Kodaira-Spencer class k„ G Ext;^^^(r2;t'„, Ox)- 

The (absolute) Atiyah class of a complex En € T)^{Xn) is by definition the class A{En) € 
Ext;^^.^ (E'n , En ® ^Xn) induced by the boundary map 5 of the short exact sequence 

(3.1) Jn/Jl — Ox^^xJJl Oa„ 0, 

where J„ C Ox^xX^ is the ideal sheaf of the diagonal r/„ : Af„-^A„ C Xn x Xn- (Note that the 
fibre products are not relative over Spf(i?„), but over Spec(C).) More precisely, 

A{En):En^En(^^xAl] 

is obtained by viewing the boundary map 5„ : Oa„ — ^ Jn/ Jn [1] — V*^Xn [1] of (jS.ip as a morphism 
between two Fourier-Mukai kernels and applying the induced functor transformation to En- 

The Kodaira-Spencer class k„ gives rise to a morphism id^;^ (8)/5„ : En^^x^ [1] — ^-E'n<^jn*C'x[2], 
which then can be composed with the Atiyah class A{En) to give a class 

0{En) := A{En) ■ Kn £ Ext^J^^, En ® {jn)*Ox) ^ Ext^(^o, ^o), 

where the isomorphism is given by adjunction j* H (jn)*- 

As it turns out, this class is the obstruction to deform En sideways. This is 

Theorem 3.1. Suppose En is a perfect complex on Xn and the derived pull-back Eq := JnEn 
satisfies Ext^(-Eoi -E'o) — C and Ext^'^(£'o) -E'o) = 0. Then there exists En+i € Dpcrf (Af^+i) such 
that i^En+i — En if and only ifo{En) =0. □ 

The proof of the theorem, which makes use of Lieblich's obstruction in [25], can be found in 
App. C]. When the deformation Xn is integrable, e.g. obtained as in Example 12.11 the theorem 
can also be deduced from the more general results in [22] . (The assumptions on the non-positive 
Ext's are not needed in [22|.) Our main application of this theorem concerns the case where En is 
a Fourier-Mukai kernel. In this situation the conditions on Eq are easily verified. 

Let us turn to the relative versions of A and k„. The extension class 

«n GExti.J0^„,O^J 
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of the natural short exact sequence 

Ox„ U„ ^n,, 0, 

is the relative Kodaira- Spencer class of order n. Here ^7,^ denotes the locally free sheaf of differ- 
entials over Rn. 

The relative Atiyah class of a perfect complex En € Dpci.f('^n) (cf- Remark 12 .31) is the class 

A{En) G Ext\jEn, En ® 

that, as a morphism En — ^En (8 is induced by the morphism of Fourier-Mukai kernels 

a„ : Oa„ ^(/n//^)[l] =^ r?„AJl]. 

Here rjn : Xn—^An C Xn^R„ Af„ is the relative diagonal, /„ its ideal sheaf, and a„ is the boundary 
morphism of the short exact sequence 

In/Il /II -C?A„ -0. 

The composition of A{En) with id ® k„[1] yields the relative obstruction class 

o{En) := A{En) ■ Kn £ Ext^J^n,K). 

Moreover, the relative Atiyah class can be used to define the relative Chern character of a perfect 
complex in the usual way. (Clearly, for vector bundles or in fact arbitrary coherent sheaves on Xq 
this coincides by Chern- Weil theory with the usual Chern character.) Composition in Dpcrf(<^n) 
and exterior product Of^ — ^ allow one to form 

and taking the trace yields (use En perfect) 

ch{En) := tr(exp(A(i^„))) g F'(^„, J. 

We compare now the absolute obstruction class o{En) with the relative one o{En), in the situa- 
tions of Theorem 13.11 

Lemma 3.2. Let En be a perfect complex on Xn o,s in Theorem \3.1\ and assume furthermore that 
Eq is rigid, i.e. Ey±\{EQ,EQ) = 0. Then En G Dperf(<Vn) deforms to En+i £ ^perl{Xn+i) if and 
only if the relative obstruction class o{En) E 'Extj^^{En, En) is trivial. 

Proof. The image of the Atiyah class A{En) under the natural projection ^Ixn — ^^ttu is the rel- 
ative Atiyah class A{En). Similarly, one can compare the two Kodaira-Spencer classes k„ G 
FiX.t\>^{Qxn,C)x) and Kn € FiX.t\-^(^Tr^,Ox) by the following commutative diagram 

Ox f^^t^+iU^ Ox[l] 



Here, Ox — ^Ox^ — ^^x„+i\xn is given by li — — ^t^dt and Qx„ — ^^7r„ is the natural projec- 
tion. Thus one obtains the following commutative diagram 




En^nx„[i] 



En^n^Ji] 



id(g)K„ 



En'^Ox[2] 



En^OxM 
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Let US consider the natural short exact sequence 

J-TL 

Ox — Ox^ Ox„^, ^ 0. 

Tensoring it with En and applying Hom;^'^ , — ) to it, one obtains the long exact sequence 

■ ■ • ^ El^ti",! (-^"' ^n-l) ^ Ext|.^ (En, Eq) — ^ Ext|.^^ {En, En) 

and, by the previous discussion, ip{o{En)) = o{En)- 

By ([23]), Ext]^{Eo,Eo) = implies Ext\^^{En, En-i) ~ Ext\^^_^{En-i, E^^i) = 0. The claim 
follows. □ 

3.2. Hochschild (co)homology and Fourier— Mukai transforms. Let 7r„ : Xn — ^Spec(i?,i) 
be a smooth proper morphism with special fibre X = of dimension d. We denote by rjn : 
Xn — An C Xn X Xn the relative diagonal and define the relative Hochschild cohomology as the 
graded ii„-algebra 

m*{Xn/Rn) ■■= Ext^„,^^;,JOA„,OAj ^ Ext^J<OA„ , 0;,J, 

where the second isomorphism is obtained by adjunction. Multiplication in HH*(,^„/i?„) is given 
by composition in T)^{Xn xr„ Xn) and the i?„-algebra structure is induced by the natural map 
Rn Endx„ X R„ x„ (Oa„ ) • 

Similarly, one defines the relative Hochschild homology as 

lM,{Xn/Rn) ■■= Ext^*^^^;,J(r70,KJ[-d],OAj, 

which becomes a left HH*(A'„/-Rn)-module again via composition in D^{Xn Xn), where to-n-^ is 
the relative canonical bundle (see [351 [HI [5] ) . There is a natural isomorphism 

BUkiXn/Rn) = Ext^f',^^^J(7?„),KJ[-<i],OAj ^ Ext^^^(0;,„,r?:OAj = Tor,(0;t„,r?:c:)Aj. 

This follows from the adjunction {r]n)\ H rj^, where (rjn)] '■ E>^{Xn) — ^D^(<Y„ Xr^ Xn) sends En to 
ir]n)*{En® uj^J[-d]. 

There is a natural isomorphism in D^{Xn) 
(3.2) I:??;OA„^0J^kW 

i 

called the (relative) Hochschild-Kostant-Rosenberg (HKR) isomorphism. The algebraic case was 
studied in [HH] , for the absolute case see also [SHJ [7] . The very general situation of an arbitrary 
analytic morphism has been discussed in [HE]. A characterization of I is given in Remark 13. 4[ 

The HKR-isomorphism I is used in two different ways to define isomorphisms between Hochschild 
(co)homology and Dolbeault cohomology. Firstly, compose with the inverse of I in the first variable 
to obtain an isomorphism 

Ext^Jr?;OA„,O;,J^Ext^J0f];j^],O;,J i^*-'(A'„, /\V^J, 

i i 

where is the relative tangent bundle. This leads to the HKR-isomorphism for Hochschild 
cohomology 

/^^KR:Ext^„,^^;,JOA„,OAj = HH'=(^Ji?„)^HT'=(^Ji?J:= HP{Xn,/\'%J. 

p+q=k 

For Hochschild homology we compose with I in the second variable to obtain: 

Ext^: (0;,„ , v: Oa„ ) ^ Ext;^: (Oa-„ , [i])c^^H-*+\Xn,KJ. 

i i 
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This leads to the HKR-isomorphism 

/hwi : Ext-^^^^^^J(r/„),(u;;j[-d],OAj = HHfc(^„/i?„) ^HJ7fc(A'„/i?„) := HP{Xn,niJ. 

q—p=k 

Remark 3.3. i) If X is a smooth projective variety or a compact Kahler manifold, then the 
deformation invariance of the Hodge numbers together with the HKR-isomorphism HH*(A'„/i?„) ~ 
}iil^{Xn/ Rn) show that the i?„-module BSi^,{Xn/Rn) is free. 

ii) Contraction defines on Hr2*(^„/i?„) the structure of a left HT*(^„/i?„)-module. The above 
isomorphism of iJ^-moduIes 

{}M*{Xn/Rn),iM,{XjRn)) ~ (HT* , H^ (-Y„/i?n)) 

is expected to be a multiplicative isomorphism only after correcting /^^^ by td(7^„)~^/'^ and /hkr 
by td(7;„)i/2. See [211 [3 do] for a discussion of the absolute case and [H [9] for the ring structure 
of Hochschild cohomology. 

Take tt'^ : X^^ — ^Spec(ii„) another smooth proper scheme over of relative dimension d! and 
set X' := Xq. Let £n G Dperf (A'n x^^^ X^^) be a perfect complex defining a Fourier-Mukai transform 

Following [8j, induces a graded homomorphism 

«>™* : Wi,{XjRn) ^m..{XURn). 

For later use, we recall the construction in the relative setting. 

Let d = dim(X) and d' = dim(X'). For two Fourier-Mukai kernels £ and we denote by 
£ * T the Fourier-Mukai kernel of the composition o (see, e.g. [17, Prop. 5.10]). Define the 
functors 

v&i : Db(^„ Xn) Db(A'„ ^2 : Db(^„ Xl,) J}^{X^ Xr„ X'^) 

by := £n*Q and '^2{Q') ■= Q' * {£n)K, where {£n)K ■= £n ^ Pl^^nnid] denotes the Fourier- 

Mukai kernel of the right adjoint of and pi is the projection (see e.g. |17, Prop. 5.9]). If, as 
above, A„ C Xn Xn and C X^^ Xr^ X^ are the relative diagonals, then the composition 
^'2 o ^1 induces a natural homomorphism 

Ext^:,^^;,J(7?„),(a;;j[-d],OAj Ext;^r,^^;,,(^2(^i((??n)*(^;j))[-d],vI/2(^i(OAj)). 

An easy computation shows that ^'2(^'i(Ca„)) = £n*i£n)R and ^'2(^i((??n)*(c^^^„))) = £n*{£n)L'S> 
P2io^!^[d — d'], where {£n)L ■= £n ® P2^-K'J[d'] is the Fourier-Mukai kernel of the left adjoint to 
and p2 is the projection. 

The adjunction morphisms £n * {£n)K — ^^A'^ and Oaj^ — * i£n)L (see [8]) lead to natural 
morphisms 

eR:^2(^i(OAj) Oa'„ and^L:(r/;)*(^<)M'] ^2(*i((r?n)*(u;;j))M] 

(which are isomorphisms if is an equivalence). Composition with both morphisms eventually 
leads to 

: BR4Xn/Rn) -Ext;^r^^^^,((ry;),(u;;,)[-d'],OAj = HH,«/i2„). 

It is easy to show, using the construction, that the action on Hochschild homology is functorial. 

If is an equivalence, then it induces an isomorphism at the level of Hochschild cohomology 
as well. Hence we have a pair of isomorphisms 

: {mi*{Xn/Rn),mi,iXn/Rn)) (iM* (XU R^) ,IM,{XU Rn)) , 
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with an isomorphism of i?„-algebras and compatible with the HH*-module structure 

on both sides (this is a simple generalization to the relative setting of e.g. [17, Rmk. 6.3]). 
Conjugating with the HKR- isomorphisms yields also isomorphisms 

and 

■■= /hkr o o : HO,(A'„/i?„)^HO,«/i?„), 

which, however, are in general not compatible with the natural multiplicative structure of the pair 
(HT*,H17*). Also note that ^^J* and ^>^^^* are graded, but often not bigraded. 

Finally we recall the definition of the Hochschild versions of the Atiyah class and the Chern char- 
acter (see inilT] and the original [28] )• Consider the adjunction morphism adj : Oa„ — ^ {'nn)*i]n^A.„ 
as a morphism between Fourier-Mukai kernels. The associated morphism between the Fourier- 
Mukai transforms applied to En S D^(^Y„) yields the Hochschild Atiyah class 

AH (En) : En En ® VnOA„- 

Next one defines the Hochschild Chern character of a perfect complex En G Dperf('^«) as 

ch™*(^„) := tr(^(^„)) G Hom(0;f„,r?:OAj ^ HHo(A'„,/i?„). 

Remark 3.4. i) The HKR-isomorphism I in ()3.2p can also be described in terms of the universal 
relative Atiyah class (see O E]). Indeed, let On ■ Ca„ — ^ ('?n)*^^7r„ [1] be the universal relative 
Atiyah class and denote by 

eMc^n):OA„^^{Vn)MlJi] 

i 

its exponential. The push-forward of I composed with the adjunction map equals exp(a„), i.e. 

(3.3) exp(a„) : Oa„ ^ ^ (r/n)*<OA„ ^ iVn)* (0,, W) • 

In other words, under the isomorphism 

Hom;,„(r?:OA„,0J^;ji]) ^Hom;,„x«„;t„(OA„,(r?„)* (^^l 

i \ i 

given by adjunction the HKR-isomorphism I is mapped to exp(an). 

Using this description of I, one sees that AH (En) and A{En) are related by 

(3.4) {idE„ I) o AH{En) = eMMEn)). 

(There is a small difference between exp(yl(£'„)) and the Atiyah-Chern character AC{En) = 
exp{—A{En)) in [5], which is due to a different sign convention in the definition of the Atiyah 
class. It is of no importance for our discussion.) 
ii) Taking traces of ()3.4p one obtains 

(3.5) /HKR,(ch™*(^„)) =ch(^„) 

for all perfect complexes En € Dperf(<Yn)- For the absolute case see e.g. [7]. 

Consider a perfect complex En S Dperf (<^n) as a Fourier-Mukai kernel on Af„ ~ Spec(i?n) ^Rn'^n- 
The induced Fourier-Mukai transform ■ D'^(Spec(i?n)) — ^D^(Af„) yields 

: HHo(Spec(i2„)/i?„) HHol-^n/i^n), 

where, by definition, HHo(Spec(ii„)/i?n) = End/j^(i?„). 
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Lemma 3.5. Let^g^ : D^{Xn) — ^D^{X^) be a Fourier-Mukai functor with Sn G Dperf (^^n XH„'^n) 
and let En G Dperf(<Vn)- Then 

i) ch™-(£„) = $™-(l); 

ii) {ch^*{En)) = ch^' i'^eAEn)). 

Proof. To prove part i), one first observes that ^'20^1 : Endij„(i?„) — ^Endij,,^ (^'2(-E'n)) sends 
1 G End/j„(i?n) to id^2(£;„). Thus we have to show that ^ro^l : {'nn)*ii^nj[-d]^ En MEn^OA„ 
equals tr:{AH{En)) under the adjunction 

To see this, observe that .^l under the adjunction 

Romx„>cn„x„iir]nUu;';j[-d],En K ~ Hom;f„(0;t„, ^ En)) 

corresponds to the identity section of £nd{En) and that ??^^r G Hom;!:',^ (iSn(i(£'„), r/*OA„) is ob- 
tained by composing the pull-back of the natural adjunction morphism 

(3.6) r?; {En MEn^ iVn)*VniEn ^ En)) 

with 77* (r/„)*(tr) : rin{rin)*£nd{En) — ^Vn^A.^- Both assertions follow from the construction of the 
left and right adjoint of a Fourier-Mukai functor. In particular, is indeed the composition 
of the restriction En ^ En — ^{r]n)*£nd{En) with (r/n)* (tr). To conclude, recall that AH{En) is 
obtained by applying adj : Oa,j — ^iVn)*iln^An, viewed as a morphism of Fourier-Mukai kernels, 
to En. Hence ch^* (En) = tT{AH{En)) can be described as the composition of the identity 
— ^£nd{En) with adj applied to £nd{En). 

(3.7) £nd{En) £nd{En) ® <Oa„ 

followed by the trace on £nd{En). Then note that (j3.7p clearly equals (|3.6p . which yields the 
equality in i). 

Part ii) is the relative version of [H Thm. 10] and follows directly from i) and functoriality. □ 

Notice that the right hand side in part i) of the previous lemma is taken as the definition of the 
Hochschild Chern character in the absolute case in [S]. 

3.3. Controlling the obstructions. Let Xn and Xn be as in the previous section. Take £n G 
Dporf('^n Xi?„ Xn) be the kernel of a Fourier-Mukai equivalence : ^^{Xn) — 5^D^(^^). Let 
Vn G H\Xn.T^:} C WT\Xn/R^) and suppose < := $^J(t;n) G H\X^,%:J C WT^[Xn/Rn). 
The inverse images of both classes to the product Xn x X!^ can be considered as classes in 
H^{Xn Xij„ A;^,r^„x<) C Wl'^iXn Xr„ XURn)- We write plvn + p^v'n as Vn ffl < G H^{Xn xk„ 

For any w G HT*(^„ x^^^^ Xn/Rn) contraction with the exponential of the relative Atiyah class 
of £n defines a class exp(A(f„)) • w G Ext^^^^^ p^, {£n,£n)- Applied to Vn ffl v'n the component in 
Ext^^x^ {£n,£n) is simply the contraction with the relative Atiyah class. 

The following is a straightforward generalization of a result of Toda [33.j which itself relies on 
Caldararu's paper [7j. For the reader's convenience we will sketch the main arguments of the proof. 

Lemma 3.6. With the above assumptions, one has 

= A{£n) ■ {Vn ffl v'n) G Ext^.^ x^^^, (^„, £:„). 

Proof. This results relies on the commutativity of the following diagram (see [34^ Lemma 5.7,5.8]) 
which in turn is based upon the description of the HKR-isomorphisms in terms of the universal 
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Atiyah class (see (13. 3p ): 



P2 



(Here, V'2 is induced by the equivalence "if 2 in Section [3121 Similarly, ipi further below is induced 
by ^'i.) A similar diagram holds true with replaced by Af„ and pullling back via the first 
projection. Then one has to add the pull-back r* of the automorphism r of Xn x Xn interchanging 
the two factors. As we will see, the appearance of r* is crucial. One obtains the commutative 
diagram 

HT*(;f„/i?„) Ext:^„,^^;,J0A„,OAj 



Pi 



HT*(A'„ x«„ Ext^^,^^^,(g.,gO- 

The proof given in [34j generalizes in a straightforward way. 

The action of r* can be best understood via the isomorphism HT*(^„/i?„) ~ HH*(A'„/i?„) = 
Ext^^xjj A'„(^A„5 C^An)- It turns out that r* respects the bigrading of WT*{Xn/Rn) and acts by 
{-ironHP{Xn,A'^%J. 

The degree two component of the product of a class in H^{Xn 'Xr„ T^^xtt^) with exp(A(£'„)) 
is simply the contraction with the Atiyah class. Thus one finds 

A{£n) ■ {Vn ffl O = A{£n) ■ + A{£n) ' 

which is precisely what we claimed. □ 
Combining this result and Lemma 13.21 we have the following: 

Proposition 3.7. With the above assumptions, suppose furthermore that 

i) £n e Dperf(Af„ X X^) is rigid; 

ii) t>„ ffl G H^{Xn y<R„ Af^, 7^^X71^) is the relative Kodaira-Spencer class Kn corresponding 
to some deformation 3^n+i — ^Spec(i?„+i) of X^ Xr,^ X^ — 5^Spec(i?n). 

Then there exists a perfect complex £n+i G Dporf(3^n+i) such that £n — Li* 

In the next example we will see an explicit case in which assumption ii) of the previous result 
can be controlled. 

Example 3.8. Let vr : X — be a smooth proper analytic family over a 1-dimensional disk D with 
distinguished fibre X := 7r~^(0). We assume that the Kodaira-Spencer map, i.e. the boundary map 
of the tangent bundle sequence ^ ^ ^ ^ '^*Td ^ 0) yields an isomorphism 

K : Tf)^^ R^tt^Tt^ ~ <Sxt^(r27r, Ox) and that /i-'^(Xt, Txj) is constant. These assumptions are satisfied 
when X is either a K3 surface or a product of K3 surfaces. 

Fix n > and fix an embedding Spec(i?„) C D choosing a local parameter t around (z D and 
define vr^ := Tr\x„ : := X x^, Spec(i?n) ^Spec(i?„). Let G Ext;^^^_^(r^^„„-^, Oa-^-i) be the 
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relative Kodaira-Spencer class and suppose that /3 € Ex.t;Y„{^TTn,C)x^) is a lift of Kn-i under the 
natural restriction map, 

Ext},jn^„,0;,J Extj^_^(17^_,, J, P I . Kn-l. 

Then Spec(i?„) C D can be extended to Spec(i?„+i) C D such that /? = k„, i.e. P is the relative 
Kodaira-Spencer class on Xn determined by Xn+i := Xxd Spec(i?„+i). Indeed, (3 considered 
as a section of Ex.t\.^{n^^,OxJ ^ £xtl{n^,Ox)\spec{Rn) - '^i5lspec(R„) can be locally extended 
to a vector field on D. Integrating this vector field yields a smooth curve S C D containing 
Spec(i?„). The image of the restriction '75|spec(i?„) — ^'^^^i,i(^7r„; Ca"™) of the Kodaira-Spencer 
map Ts — ^£xt^^{^Trg,Oxs) is thus spanned by /?. Choosing the embedding Spec(i2„+i) (i.e. the 
local parameter) appropriately, one can assume that /? = k„. 

Later we will consider two situations. We shall start with a deformation over a smooth one- 
dimensional base and study the induced finite order and formal neighbourhoods. This information 
will be used to construct an a priori different formal deformation by describing recursively the 
relative Kodaira-Spencer classes of arbitrary order. 

4. Deformation of derived equivalences of K3 surfaces 
Let X and X' be two projective K3 surfaces and let 

cl>^„ :Db(X)^Db(X') 

be a Fourier-Mukai equivalence with kernel Sq € D^(X x X'). For most of Section [5] we will only 
consider the case X = X' . In order to distinguish both sides of the Fourier-Mukai equivalence 
however, we will nevertheless use X' for the right hand side. 

In this section we complete (see end of Section r4.4p the proof of our main result, which we restate 
here in a different form. 

Theorem 4.1. Suppose X = X' . Then the induced Hodge isometry : H {X , Z) H {X , 7,) 
satisfies 

^£o' ^ (-idH2)©idH0®//4. 

As all orientation preserving Hodge isometrics do lift to autoequivalences (see [151 EH El] or [T71 
Ch. 10]), this seemingly weaker form is equivalent to the original Theorem 2. 

The proof splits in several steps and we argue by contradiction. First, we need to translate the 
hypothesis, which is in terms of singular cohomology, into the language of Hochschild homology. 
This will allow us to deform the given Fourier-Mukai kernel sideways to first order (see Section 
14. 1|) . Extending the kernel to arbitrary order is more involved, it will take up Section [4.2i Using 
results of Lieblich, we conclude in Section 14.31 that the Fourier-Mukai kernel can be extended to 
a perfect complex on the formal scheme and thus leads to a derived equivalence of the general 
fibres. The kernel of any Fourier-Mukai equivalence of the general fibre however has been shown 
in Section 12.71 to be a sheaf. In Section 14.41 we explain how this leads to a contradiction when going 
back to the special fibre. 

4.1. From singular cohomology to first order obstruction. Suppose 
(4.1) ^g* ■.H{X,Z)^H{X',Z) 

preserves the Kahler cone up to sign, i.e. (ICx ) = ±/Cx'- In the situation of our main theorem 
we win have X = X' and acts on H'^{X,Z) by -id and thus indeed {ICx) = -K,x- 

Consider a real ample class uj on X, i.e. u G JCx n (Pic(X) (g) R) and let vq G H^{X,Tx) be the 
Kodaira-Spencer class of the first order deformation of X given by the twistor space X(lij) — ^P(a;) 
associated to the Kahler class iv. More precisely, up to scaling, vq maps to cu under the isomorphism 
H^{X,Tx)^^H^(X,Q^) induced by a fixed trivializing section a G H^{X,uix)- 
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Lemma 4.2. Under the above assumptions, v'^ := ^^1^' (vq) G H^{X',Tx') C HT^(X'). 

Proof. Since uj can be written as a real linear combination of integral ample classes and all iso- 
morphisms are linear, it suffices to prove the assertion for a; = ci (L) with L an ample line bundle. 
Then there exists a line bundle L' € Pic(X') such that <I>^*(ci(L)) = ci(L'). We claim that then 
also $gJ^*(ci(L)) = ci(L')- Indeed, by Lemma [331 h), one knows that och™* = ch™* 0$^^, 
which combined with (13. 5p yields cj)^^* o ch = ch o . On the other hand, for K3 surfaces one has 
td{X')^^'^ ■ (cho<I)£;p) = vo^£^^ = (J)^* ov, where v := td^^^ -ch is the Mukai vector on X respectively 
X'. Thus, td{X'y/^ ■ {^^^' o ch) = td{X')^/^ • (ch o ^^J = ^g* o v. Since multiplication with 
td^/^ does not affect the component of degree two, this shows that $^^*(ci(L)) = ci(L') implies 

$«^*(ci(L))=ci(L'). 

In the next step we shall use the following: 

Claim. Suppose a S HHq with I{a) € H^{^}) C HJIq- Let w € HH^ such that w ■ a = a and 
Wo := I{w) € HT^. Then 

(4.2) woJ(J = I{a). 

Indeed, WQja = I{w)jI{cj) = {td-^/"^ I{w))j{td}/'^ I{cj)) = td^/'^I{w ■ a) = I{a). Here we used 
I {a) € H^{Q}) for the second and the last equality (write down the bidegree decomposition for 
I{w) which a priori might have components not contained in H^(T)), a G H^{Q,'^) for the second 
one, and |26t Thm. 1.2] for the penultimate one. 

As ci(L) S H^{^}), by the previous claim, there exists wq G HT^ such that ci(L) = wojct. 
Hence, if cr' := $J,^*(ct), we get the following sequence of equalities: 

$"^*(ci(L)) = <^^^'{wo^a) = I^™*I-\woja) 

where (i) follows from the claim for I{w) = wq, (ii) is due to the multiplicativity of (<I>^ ,<I>^*), 
and (iii) is obtained by applying again the claim to the (l,l)-class ci(L') = <^>^^* {ci{L)) . Thus, 
{I^^\w))W e H^^\X'), which suffices to conclude v'q G H\X',Tx'). □ 

Remark 4.3. The result in Lemma [4. 21 can be derived from the compatibility between the action 
of a Fourier-Mukai transform on Hochschild homology and the one on singular cohomology proved 
in |27| Thm. 1.2] which, in turn, relies on |28t I32j . The main result in [32] can also be used to 
deduce directly (j4.2p . 

Using for example [31j) we can then construct — 5-Spec(i?i) with Kodaira-Spencer class 
Vq G H^{X' ,Tx'). Note that by construction X{ — ^Spec(i?i) depends on the actual Fourier- 
Mukai kernel £q. 

Corollary 4.4. The Fourier-Mukai kernel 8q extends to a perfect complex Si G Dpoi.f('^i X{) 
inducing an equivalence <I>£^ : D^(^i) -^D^(^{). 

Proof. As Sq is the Fourier-Mukai kernel of an equivalence, Oa ^ £0 defines an equivalence 
Y)^{X X X) ~ T)^{X X X') that sends Oa to Sq. In particular, this yields an isomorphism 
Ext\^j^(OA,OA)^Ext\^x,(£o,£o). ButsmceExt\^x{OA,OA) ^ H'>{X,Tx)®H\X,Ox) =0 
for the K3 surface X, this immediately shows that £q is rigid. Hence the existence of fi follows 
from Proposition 13.71 The assertion that is again an equivalence is part iii) of Remark 12.31 □ 
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4.2. Deforming to higher order. The idea to proceed is to extend recursively to X^+i such 
that the Fourier-Mukai kernel on ^„ X/j^ A'^ deforms to a perfect complex on Xn+i Xr„^i ^n+i- 

We will choose a formal twistor space vr : X — ^Spf(i?) of X associated to a very general real 
ample class oj with n-th order neighbourhoods 7r„ : Xn — ^Spec(ii„). The relative Kodaira-Spencer 
classes of Xn C Xn-^i will be denoted Vn £ H^{Xn,%r„). 

Suppose we have constructed vr^ : — ^Spec(-R„) and a perfect complex G Dperf x 

such that $ := : D'^(Af„) — ^D'^(A'^) is an equivalence. Then let 

(4.3) v'^:=<^''"'\vn)eRT\xURn). 

We would like to view as a relative Kodaira-Spencer class of order n on of some extension 
X^ C A:"^.).! — ^Spec(i?„+i). For this we need the following lemma, which is the higher order 
version of Lemma |4.2[ However, the reader will observe that the arguments in the two situations 
are different and neither of the proofs can be adapted to cover the other case as well. 

Lemma 4.5. The class v'^ is contained in H^[X^,T^i^) C HT^(^^/i?„). 

Proof. Let (T„ G HH2(^n/-Rn) = H^{'^n:^TT„) = ^^2{Xn/ Rn) be a trivializing section oiuj-,^^ and let 
< := ±^^^*{an) G m.2{XURn)- Furthermore, let w„ := VnJ(Tn G H^{Xn,n^„) C HOo(A'„//?„) 
and uj'^ := v'^W^ G Rno{X^Rn). Then also = ±^^^°{iOn), as ($hh*^^hh.) compatible with 
the multiplicative structure. 

Clearly, is contained in H^{X^^,%^'^) C HT^(A'^/i?„) if and only if oj'^ is contained in 

HHx;„n^>jcBno{xuRn). 

In a first step, we shah show that <^>^^o : Rno{Xn/ Rn) ^^^oiX^ Rn) preserves H^'^ i?2,2^ 
i.e. that it maps (H'^''^ e H^^^){Xn/ Rn) := H^{Xn,OxJeH^{Xn,oJnJ to (H^''^ e H^^^){XU Rn) ■= 
H^{Xl,,OxO®H\X^,u;^,J. 

To this end, consider the Chern character ch(£^„) G YiVLQ^Xn/Rn) for arbitrary En G Dperf(<^n)- 
In particular, c}i{Oxn) = 1 G H^{Xn,Ox„) C Hr^o (-^nZ-Rn); since A{Ox„) is by definition trivial. 
Furthermore, if G D^{Xn) denotes the structure sheaf of a section of 7r„ : Xn — ^Spec(i?,i), 

then ch(A;(x„)) is contained in w^r^) C }iQo{Xn/Rn), as rank and determinant of k{xn) are 

trivial. Actually, ch(A;(a;n)) trivializes the Rn-module H'^{Xn,ojT^^^). Indeed, since the Atiyah class 
is compatible with pull-back, one has j*ch(fc(a;„)) = ch(A;(xo)) and the latter is clearly non-trivial 

in i?2,2(;s^) ^ c. 

So, {H^'^ © H^''^){Xn/ Rn) is contained in the ii„-submodule of }ii^o{Xn / Rn) spanned by the 
Chern character of perfect complexes. The analogous assertion holds true for X^. 

As we will show now, in fact equality holds. This will later be needed only for X^. So we write 
it down in this case, li E'n G Dperf(Af;;), then chi(S;) G H^{Xn,n^'J equals tr(^(£;;)), which 
by standard arguments is simply A{det{En)). The determinant det(£'^) is a line bundle on X^. 
Therefore, it suffices to prove that any line bundle on X^^^ is trivial, but this has been discussed 
already in Section [2.4i In fact, it suffices to prove this for n = 1 and then X^ — ^Spec(i2i) is the 
first infinitesimal neighbourhood of X' inside its twistor space associated to the Kahler class uj' 
(see Remark l2.13p . 

As explained in the proof of Lemma f4.2l (|3.5|) and part ii) of Lemma [33] imply cJ)Hf^o och = cho<|). 
Hence ^^^o{ch{En)) is contained in (i?°'0 © H^^^){X^/Rn) for any En G Dperf(Af„) and therefore 

^H^o ((^0,0 ^ H^,^){Xn/Rn)) C (/7°'° © H^^^){XURn). 

Let now Wn := I~^{vn) G YM^{Xn/Rn) and < := I'^{v'n) G YSi^{X^/Rn). Then by definition 
of we have $™ {wn) = w'n- The multiplicativity of ($™ ,$™*) and Lemma 13.51 ii) imply 

^^*{wn ■ di^*{En)) = w'n ■ ch™*($(E„)). So, Wn ■ ch™*(^„) = for ah En G Dperf(<Yn) if and 
only if w'n ■ ch"^* (E'n) = for ah E'n G Dperf(-^'^). 
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Suppose we know already that in general 



(4.4) 



Wn ■ ch '{En) = if and only if t>njcli(£'„) = 



and the analogous statement on X^. (For this assertion our assumptions that Xn — ^Spec(-Rri) is of 
dimension two and that w„ = I{wn) € HT^(,^„/i?„), Wn G HH^(Af„/ii„) are important. See below.) 
Then one concludes as follows. Since obviously f„j(i/'''° © H'^''^){Xn/Rn) = and as shown above 
Im(ch) C {H^^'^®H'^''^){Xn/Rn), the 'if direction in (jO]) would yield Wn-ch™* (En) = for all En G 
Dperf (-^n) and heucc <-ch™* {E'J = for all E'^ € Dperf«). As {H^^^®H^^^){XU Rn) is actually 
spanned by Im(ch), the 'only if direction in (|4.4|) then shows that t;^j(if°'° © H^''^){Xl^/ Rn) = 0. 
The latter clearly means v'n € H^{X^,T,^i^). 

The assertion (j4.4p follows almost directly from (j3.4p . More precisely, in our situation, [5, Cor. 
5.2.3] says that for any Vn G WT'^{Xn/Rn) and any En € ^perfi'^n) the part of Vn-i{ex.p{A{J^n))) 
contained in Ext^^^ {En, En) coincides with the projection of I~^{vn)-AH{En) under Ext^^^ {En, En^ 

Vn^A-n) ~~^^^^%,{En, En)- Taking traces on both sides yields Vn-icli{En) = I^^{vn) ■ ch™*(S„), 
which then proves (|4.4p . □ 

Corollary 4.6. If £n G Dpcrf('^n x_R„ ^n) induces an equivalences : {Xn) ^^D^ {X^) , 
then there exists a deformation X'^^^ — ^Spec(ii„_|_i) of X!^ — s-Spec(i?„) and a complex £n+i £ 
Dperf(A'„+i x^,j^^j -^n+i) such that £n ~ Li^Sn+1- Morcovcr, £n+i induces an equivalence ^s„+i '■ 



Proof. By Example 13.81 choose the extension X^^-^ — ^Spec(i?„+i) such that its Kodaira-Spencer 
class Kn G H^{X^,T,^i^) is v'^ in (|4.3p . which by Lemma is indeed an element in H^{X^,%^i^). 
Since Sq = Lj*£n is rigid, Proposition 13.71 allows one to conclude the existence of a complex 
£n+i € Dperf(<^n+i ^ R„+i -^n+i) with Li*£'„+i ~ <S„. The last assertion follows from part iii) of 



4.3. Deformation to the general fibre. Applying Corollarv 14.61 recursivelv. we obtain a formal 
scheme vr' : X' — ^Spf(i?) and perfect complexes £n G Dpcrf('^n Xi?„ '^n), G N, inducing Fourier- 

Mukai equivalences : D^{Xn) ^^D^{X,I^) with Lz*f„,_|_i ~ f„ and with £o as given in (14. ip . 

Now we use Lieblich's [251 Sect. 3.6] to conclude that the existence of all higher order deforma- 
tions is enough to show the existence of a formal deformation of the complex. So, there exists a 
complex £ gD^{X Xr X') with Li*^£ ~ £n, for all n G N. 

Remark 4.7. Lieblich's result is far from being trivial and the proof is quite ingenious. Of course, 
if a coherent sheaf lifts to any order, it deforms by definition to a sheaf on the formal neighbourhood. 
For complexes as objects in the derived categories this is a different matter. Note that a priori one 
really only gets an object in D^{X xr X'), which is, by definition, T)^^^{OxxRX'-^od), and not 
in D'^(Coh(Af Xr X')) as one could wish for. 

For the convenience of the reader, let us recall Lieblich's strategy. Instead of considering de- 
formations of £o as an object in the derived category, Lieblich shows in |25[ Prop. 3.3.4] that 
by replacing £q with a complex of quasi-coherent injective sheaves one can work with actual de- 
formations of complexes, i.e. the differentials and objects are deformed (flat over the base) and 
the restrictions to lower order yield isomorphisms of complexes. By taking limits, one obtains a 
bounded complex of ind- quasi- coherent sheaves on the formal scheme. Eventually, one has to show 
that the complex obtained in this way, which is an object in D^(0_;t'x_f{A''-Mod), has coherent 
cohomology. This is a local statement and is addressed in [251 Lemma 3.6.11]. Note that the main 
result [251 Prop. 3.6.1] treats the case that the formal scheme is given as a formal neighbourhood of 
an actual scheme over Spec(i?) and asserts then the existence of a perfect complex on the scheme. 
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In our case, the actual scheme does not exist but only the formal one. However, Lieblich's argu- 
ments proving the existence of the perfect complex on the formal scheme, which is the first step 
in his approach, do not use the existence of the scheme itself. 

Now, by Remark Ea iv), : D^{Xk) ^'D^{^k) 

is an equivalence. The Fourier-Mukai 

equivalence To^, '■ —^D^{X') with kernel X^^, [1] 'restricted' to the special fibre is the 

spherical twist 

To : B^{X') ^^D^{X') 
and 'restricted' to the general fibre it yields the spherical twist 

Then Proposition 12.181 asserts that there exist integers n and m such that the composition o 
$£:j^[m] defines a bijection between the set of ii'-rational points of Xk and X^. By the discussion 
in Section 12.71 this is enough to conclude that o [m] can be written as a Fourier-Mukai 
transform whose kernel is a sheaf on {X xjiX')k- Note that n and m must both be even. Indeed if 
a ii'-rational point is sent to a X-rational point via o <I>£-^ [m], then its restriction to the special 
fibre Tq o ^£f^[m] preserves the Mukai vector of a point (0, 0, 1). Now use that T^* sends (0, 0, 1) 
to (—1,0,0), that the simple shifts acts by —id, and that $^ preserves (0,0,1) by assumption. 

The conclusion of the discussion so far is that, up to applying shift and spherical twist, the 
Fourier-Mukai kernel Sq of an equivalence $ with <I>^* = —idf£2 © idj|/O0j|^4 deforms to a sheaf on 
the general fibre (X xji where X — ^Spf(i?) is the formal neighbourhood of X inside a very 

general twistor space and X' — ^Spf(i?) was constructed recursively. One now has to show that 
this leads to a contradiction. 

4.4. Return to the special fibre. Let X be a smooth projective K3 surface and Q a coherent 
sheaf on X X X. Consider the Fourier-Mukai transform $g : T)^{X) — ^T>^{X) with kernel Q. As 
we make no further assumptions on G, is not necessarily an equivalence. We shall be interested 
in the induced map on cohomology ^g* : H[X,Q) — ^H{X,Q). 

Lemma 4.8. For any sheaf Q on X x X one has ^g* ^ (— id/^2) T-d^o^H"^- 

Proof. Suppose ^g* = (— idj:/2) ®idj:^o0j|^4. Choose an ample line bundle L on X. Then for n,m':^ 

the sheaf ■= Q {q*L"' ®p*U^) is globally generated and $g(L") = p^{Q ® q*L'^) is a sheaf. 
So, there exists a short exact sequence — ^/C — ^^xxx — ^Qn,m — ^0. Twisting further with 

, n' 3> 0, kills the higher direct images of K, under the projection p, i.e. R!'p^{}C®q* ) = for 

1 > 0. Thus, there exists a surjection ~ p*{0^^x^1*^''')^^P*iSn+n',m) = ^'g(L"+"')«)L™. 

On the other hand, by assumption v{^g{L'"~^"') <8> L"^) = 1 + (m — (n + n'))ci(L) + s for some 
s € i/^(X,Q). Thus, $g(L"+"') OL™ is a globally generated coherent sheaf of rank one with 
first Chern class (m — (n + n'))ci(L). It is not difficult to see that this is impossible as soon as 
m - (n + n') < 0. □ 

We leave it to the reader to formulate a similar statement for sheaves on the product X x X' oi 
two not necessarily isomorphic K3 surfaces. 

Consider two formal deformations X — ^Spf(i?) and X' — ^Spf(i?) of the same algebraic K3 
surface X = Xq = Xq. 

Corollary 4.9. Let £ G D'^(^ X') be an object whose restriction to the general fibre is a 
sheaf, i.e. £k € Coh(^i^). If £q € D'^(X x X) denotes the restriction to the special fibre, then 
the Fourier-Mukai transform : Vi^ {X) —^T)° {X) induces a map : H{X,Q) — ^H{X,Q) 
different from (— idj:^2) Q) idfjo^H"-- 
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Proof. HEk is a sheaf, then there exists an i?-flat hft £ G (2oh.{X ^ rX') of £k- Thus the complex £ 
and the sheaf 8 coincide on the general fibre or, in other words, they differ by i?-torsion complexes. 
In particular, the restrictions to the special fibres £q and £q define the same elements in the K-group 
(see Remark 12. 7p and therefore the same correspondence <1>^ = <I>^ : H{X,7j) H^XjIj). 

So, Sq is a sheaf(!) on X x X inducing the same map on cohomology as the complex £q. Now 
Lemma 14.81 applies and yields the contradiction. □ 

Clearly, the corollary applies directly to our problem with £ as in Section IT3l and which therefore 
contradicts the assumption that <I>^^ acts as {—1(1^2) © idj|^o0j|/4. This concludes the proof of 
Theorem 14.11 

4.5. Derived equivalence between non-isomorphic K3 surfaces. The main theorem implies 
that every derived equivalence between projective K3 surfaces is orientation preserving. 

Let X be an arbitrary K3 surface. Then its cohomology H{X, Z) admits a natural orientation 
(of the positive directions). Indeed, if a; G H^'^{X) is any Kahler class, then 1 — u;^/2 and lo span a 
positive plane in H(X, M). Another positive plane orthogonal to it is spanned by real and imaginary 
part of a generator a G H'^'^{X). Together they span a positive four-space which is endowed with 
a natural orientation by choosing the base Re(cr), Im(cj), 1 — a;^/2, u. This orientation does neither 
depend on the particular Kahler class iv nor on the choice of the regular two-form a. 

If X' is another K3 surface, one says that an isometry H {X ,1,) H {X' ^Jj) is orientation 
preserving if the natural orientations of the four positive directions in i7(X, R) respectively in 
H{X' coincide under the isometry. 

Corollary 4.10. Let <1> : Y)^{X) ^^^^{X') he an exact equivalence between two projective K3 
surfaces. Then the induced Hodge isometry 

: H{X,'L)^H{X\Z) 

is orientation preserving. 

Proof. Suppose that is an orientation reversing Hodge isometry. Composing with — id/^2(x') © 

id(j:/o^/^4)(^/) provides us with an orientation preserving Hodge isometry H{X,Z) H{X' ,Z). 

Such a composition can then be lifted to a Fourier-Mukai equivalence ^' : D^(X) ^^D^(X') (see 
e.g. dZl Cor. 10.13]). Then 

^-1o$:D^(X)^D'^(X) 

would be an exact equivalence with orientation reversing action on /7(X, Z), which contradicts 
Theorem 2. □ 
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